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Introduction 

TTis book is unlike any other on the market, for several reasons. Aspirant 
probability experts may commonly engage in the study of a book with the 
intent of signifcant learning. However, more often than not, afterward read-
ers are more confused than they were prior to reading the book. Te intent 
of this book is to provide activities that will help readers progress from being 
confused about probability to being informed about probability. As Winkler 
(1996) stated, probability is ubiquitous. Each day, decisions are made about 
unimportant to terribly important outcomes in life—and, generally, such deci-
sions center on probability. Some common decisions may be: 
� Should I take an umbrella to work/school today? 
� Should I go out to eat or eat at home? 
� Should I go to college? 
� Should I ask him or her to marry me? 
� Should I buy the business from my partner? 
� Should I try out for the baseball team? 

A second reason for another book on probability is that most of the other 
books on probability are outdated. Although the concepts in probability have 
not changed dramatically in the past few decades, the methods of introduc-
ing such concepts are age old (in some cases up to a century or more). Te 
respective years of publication for competing books are 1994, 1969, 1966, and 
2010. Minus the last book, the most recent book on probability was printed 
more than 20 years ago. Times have changed and some teaching and learning 
needs may be better met by up-to-date approaches. Tis is not to suggest that 
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this book promotes any single teaching or learning ideology (more on this 
later). However, it is to suggest that the very essence of mathematics is prob-
lem solving (National Council of Supervisors of Mathematics [NCSM], 1977; 
National Council of Teachers of Mathematics [NCTM], 1980). In this book, 
teachers and learners will be introduced to a relatively unknown, yet very pow-
erful, problem-solving approach known as Model-Eliciting Activities (MEAs). 
MEAs are, as the name implies, activities in which learners must create their 
own mathematical model to explain phenomena. Tey are powerful activities 
because they are often used to investigate topics that have not yet been intro-
duced to young learners. Sufce it to say that none of the competing probabil-
ity books have used MEAs as the vehicle to encourage learners and teachers to 
investigate elementary concepts in probability. Consequently, some resources 
will be provided in this book, but no other single repository exists for fnding 
MEAs for use in the feld of probability. 

A third, and certainly not fnal reason for this book, is that textbooks used 
in elementary grades, in a best-case scenario, cover one to two topics in prob-
ability. It seems pointless to many mathematicians and statisticians that young 
learners with a high interest in probability or simply in being a well-rounded 
mathematician, should have to wait until high school to engage in a serious 
investigation of probability. Te neglect to cover probability may be because it 
was not an area of interest to the authors, it is not a strong component of teach-
ers’ content knowledge, or for some other reason such as that it was minimized 
in national, state, or district standards. Whatever the case, probability can no 
longer be neglected if aspiring mathematicians are to become informed ones. 

The Concept of Probability 
and Some Terminology 

Laypeople commonly use terminology interchangeably, when technicians 
and experts in a feld such as probability do not intend for the terms to be used 
as such. To clarify several terms is therefore imperative. Note that the objective 
of these activities is not to teach terminology to learners. Instead, concepts in 
each chapter are designed to be investigated. After discussing the concepts for 
a period of time, it may behoove the facilitator to discuss terminology with 
learners. Below are some common terms that will likely arise. 
� Event: Technically defned as any subset of the sample space. It refers 

to any outcome or trial in an experiment. Te traditional example of 
an event is the fip of a coin. 

� Experiment (or trial): Outcomes from an event that are considered 
observable. For example, an experiment may include drawing a marble 

PROBABILITY FOR KIDS 2 



  

 

 

 
 

  

 

out of a hat to conceal the color. Generally, multiple events constitute 
an experiment. 

� Favorable outcome: An event that produced a desired trial. If, for 
instance, the person drawing a marble desires a blue one and in fact 
draws a blue one, then the favorable event has occurred. 

� Odds: Te number of desired outcomes taking place divided by the 
number of favorable outcomes taking place. For example, if a person 
wants to roll a die and get a six, then the odds are represented by the 
ratio 1:5 in which the number 1 is represented by getting a six and the 
number 5 represents the other fve numbers. 

� Outcome: Te result of a trial or experiment. 
� Probability (or likelihood or chance): Te likelihood of an event tak-

ing place relative to the overall number of outcomes. For example, if a 
person wants to roll a die and get a three, then the probability is repre-
sented by the ratio 1:6 in which the number 1 represents rolling a three 
and the number 6 represents all prospective outcomes. 

� Sample space: Te total number of outcomes (e.g., in fipping a coin 
the sample space is two: heads and tails). 

Insight on Mathematical Modeling 
Readers are urged to revisit the title of this book, Probability for Kids: 

Using Model-Eliciting Activities to Investigate Probability Concepts. Tis does not 
merely imply that mathematical modeling may be discussed in this book. Tis 
title refects that modeling with mathematics is the central focus of this book, 
and after completing the activities, teachers and learners alike will have much 
more knowledge about what, precisely, mathematical modeling is. MEAs pro-
vide a unique insight for problem solvers and they serve as a mechanism to 
develop understanding of concepts prior to being introduced to them formally 
by an educator. 

Strangely enough, it has been found informally that when teachers prepare 
sufciently to implement these activities in an educational setting, their con-
tent knowledge improves as well. Tat is to say, teachers have responsibilities 
placed on them, including generating as many answers as possible, conducting 
discussions about solutions at the conclusion of the activities, and responding 
to learner questions. Demands placed on a facilitator are much greater than 
delivering a lecture. 

Activities presented in this book are intended to help learners gain true 
understanding of elementary concepts in probability. True understanding is 
accomplished through exploration and investigation of data that arises organi-
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cally rather than simply talking at learners. When the term elementary concepts 
in probability is used it does not necessarily suggest that such topics are ones 
that are often learned in elementary grades (e.g., K–5 or 6). Instead, elementary 
concepts in probability is used in reference to beginning concepts in probabil-
ity that set the basis for learning increasingly complex concepts in second-
ary and tertiary coursework. Arguably, one of the most serious criticisms of 
mathematics learning in the United States, and many countries, is the “inch 
deep and mile wide” perspective (National Governors Association Center for 
Best Practices, & Council of Chief State School Ofcers [NGA & CCSSO], 
2010). Concepts in mathematics are covered repeatedly at a very superfcial 
level rather than at extreme levels of depth. Te philosophy supported in this 
book is to enable learners with the opportunity to investigate concepts at a 
very deep level the frst time in an attempt to make sense of them (Hiebert et 
al., 1997). When this is done, Ausubel (1962) stated, meaningful learning has 
occurred that leaves residue (Skemp, 1976, 2006) with learners. Tis can trans-
late to learners not being as likely to develop anxiety about a mathematics topic 
when introduced to it a second, third, fourth, etc., time because they made 
sense of it the frst time. Moreover, in this book, learners will be introduced to 
one basic topic per lesson rather than four or fve disparate concepts per lesson. 
Tis approach may be in opposition to how mathematics is often done in many 
countries, but it increases the likelihood of actual learning rather than mere 
memorization of algorithms because learners are expected to mathematize, or 
make sense of data with a mathematical model that they create (Muratta & 
Kattubadi, 2012). As Murrata and Kattubadi illustrated, mathematical model-
ing can be done as early as grade 3 with a high degree of success. Terefore, it 
is not surprising that investigating elementary concepts in probability through 
mathematical modeling can be done with gifted students in grades 4–6, and 
general population students in grades 5–9, as espoused in this book. 

What precisely is mathematical modeling? Although many conceptions of 
it exist (Lesh et al., 2000), at its most basic level, mathematical modeling is the 
creation of mathematical models to explain phenomena in any content area of 
mathematics (e.g., algebra, data analysis and probability, geometry, measure-
ment, or number sense and operations). A mathematical model can be likened 
to a mathematical formula (e.g., the area of a triangle is computed by multi-
plying 1/2 base by the height of the triangle), although the two are not quite 
the same concept. Nevertheless, a formula is similar to a mathematical model 
in that it works efciently and fawlessly every time it is used, so it speaks of 
generalizability. Te same is true with a mathematical model given a similar 
mathematical situation. 

In this book, a special type of mathematical modeling activities is used, 
called Model-Eliciting Activities (MEAs). MEAs were initially called Tought 
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Revealing Activities and subsequently called Case Studies for Kids (Lesh et al., 
2000). Subsequently, they came to be known as MEAs by the early 1990s. 
Among the many values of MEAs is that they are a highly refned type of problem-
solving task that elicit mathematical models from learners. Each MEA devel-
oped, and the ones in this book are no diferent, has been designed according to 
six principles. Tese principles are: model construction, reality, self-assessment, 
construct documentation, shareability and reusability, and efective prototype. 
Each is briefy discussed below and in greater detail in the appendix (p. 113). 
� Te model construction principle: Simply stated, each MEA must be 

created so that learner solutions created for a MEA must be a mathe-
matical model. Such solutions must help learners describe, predict, or 
explain the information presented in the form of a model. 

� Te reality principle: Te reality principle does not necessarily 
demand that each MEA must be a realistic context. Instead, each MEA 
designed must be able to help learners make sense or meaning of a 
mathematical situation. 

� Te self-assessment principle: Te self-assessment principle stipulates 
that each MEA designed must be done in such a manner that problem 
solvers can ascertain the degree of correctness of their mathematical 
model. In short, problem solvers should not be expected to seek facili-
tator input on each mathematical model. 

� Te construct documentation principle: Te construct documenta-
tion principle insists that each MEA developed expects learners to cre-
ate a written explanation of their thinking so that others, including the 
facilitator, can follow the groups’ thinking. 

� Te shareability and reusability principle: Te shareability and reus-
ability principle asks developers to build into their MEAs something 
that enables mathematical models created to be transferred to other 
mathematical modelers. Te best mathematical models should be 
shared, transferred, reused, and modifed by peers for their own uses. 

� Te efective prototype principle: Te efective prototype principle 
stipulates that mathematical models must be efective in similar math-
ematical situations. In this respect, simple is often the best because 
inordinately complex mathematical models can sometimes be of use 
only with specifc data sets or mathematical phenomena. 

Characteristics of MEAs 
MEAs are powerful for various reasons. For example, MEAs have mul-

tiple entry points (Chamberlin, 2002) and are accessible by constituents at 
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various levels of mathematical understanding. Tus, MEAs have great poten-
tial in magnet schools, pull-out programs, and inclusive classrooms. Te latter 
category may be the majority of environments in which gifted and talented 
mathematics students are served. 

In addition, as Chamberlin’s (2002) line of research suggests, MEAs have 
been used with gifted and talented students perhaps more than any other group 
of learners. Hence, many of the six principles have been implicitly adapted 
with gifted and talented students in mind. 

Consistent with recent expectations in mathematics education in the 
United States, the Common Core State Standards for Mathematics (CCSS-M), 
as well as many state standards created by the National Council of Teachers 
of Mathematics (NCTM), demand that mathematical modeling be infused 
in K–12 classrooms. However, few teachers or learning facilitators have been 
provided with any training to meet such an expectation. Tis is where MEAs 
rescue many individuals looking to meet increased demands. Tey have been 
designed and piloted for approximately four decades and will help facilita-
tors infuse mathematical modeling in a systematic, student-driven manner. To 
date, no printed materials exist in one central repository that expects learners 
to create mathematical models to make sense of mathematical phenomena or 
situations. 

One of the most signifcant reasons that MEAs were chosen for this book 
is that they facilitate precollege level thinking in mathematical situations (Lesh 
et al., 2000). Young problem solvers cannot be expected to use algorithms their 
entire school career and then be successful magically creating mathematical 
models when they get to the workforce and/or the tertiary level. Te empha-
sis on mathematical modeling at the primary and secondary level carries over 
to higher level undergraduate and graduate courses at the university level. To 
expect promising mathematics students to know how to create mathemati-
cal models in college-level mathematics courses without adequate exposure to 
such demands prior to college is unreasonable. 

MEAs are incredibly real world in nature. Consequently, they may be used 
simultaneously to engage various types of students in enrichment and acceler-
ation. MEAs are in fact so realistic that on several occasions, problem solvers 
have asked about the status of the client or person for whom the problem is 
being solved. Such marketing or salesmanship may precipitate high-quality 
products on behalf of problem solvers because they feel they are truly solving 
an authentic problem-solving task. 
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Arrangement of Each Chapter 
Each chapter is comprised of: 
� a discussion of the activity (MEA) presented in each chapter, 
� potential student responses (listed from least to most complex), 
� the activity itself, and 
� questions that facilitators may use during the implementation of the 

activity. 

Facilitators are expected to serve in the role of metacognitive coaches 
(Gallagher, 1995; Min, 2005) during the implementation of all activities. 
Facilitators will provide questions to help guide learners’ thinking rather than 
tell them answers directly. For example, if a group poses a question because all 
of its problem solvers are stuck, rather than simply telling the group an answer, 
a capable metacognitive coach will respond with a question. Te coach might 
ask the group members to review what they know about the problem state-
ment, what mathematics they already know about the content area, and to see 
what solution they can come up with thereafter. 

Critical to asking high-quality questions is having extensive knowledge 
about assessment. Te philosophy behind this book is that very capable teach-
ers and learning facilitators abound, but may need help periodically. In short, 
many facilitators are already assessment experts, but some helpful hints will 
be provided in discussions about how assessment can best occur. Te biggest 
barrier to assessment with MEAs is that they are done in groups so assessing 
individual work is a challenge. Ascertaining who did what in the MEA is dif-
fcult because learning facilitators rarely have the leisure of working with one 
group exclusively. 

Concept of Each Chapter 
Foci for each chapter have been selected after talking to experts in probabil-

ity and consulting textbooks for recurring concepts. Upon completion of the 
activities, learners can be expected to fare well in probability concepts covered 
in high school coursework. 

Te focus of each chapter is discussed below. 
� Chapter 1: Likelihood, which is the centerpiece of probability. 

Readers are provided with an activity that helps them see probability 
as the ratio of favorable outcomes relative to the number of overall 
(possible) outcomes. 
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� Chapter 2: Randomness. Te activity provided helps learners under-
stand what randomness is and the importance of it in the feld of prob-
ability. In short, randomness helps avoid bias. 

� Chapter 3: Law of large and small numbers. Readers are provided 
with an activity that demands the investigation and the creation of a 
mathematical model to describe these laws in probability. Te larger 
the sample, the greater likelihood that the probability will appear as it 
is supposed to or start to approximate theoretical probability. 

� Chapter 4: Empirical and theoretical probability. Readers are pro-
vided with an activity to help them understand and distinguish between 
these two closely related concepts. Teoretical probability is what is 
supposed to happen prior to data collection and empirical probability 
is what actually happened. 

� Chapter 5: Dependent and independent events. Readers are pro-
vided an activity to help them distinguish between dependent and 
independent events. Independent events occur when two events do 
not afect each other and dependent events occur when two events are 
somehow related. 

� Chapter 6: Combinations and permutations. Readers are provided 
with an activity designed to help them distinguish the diference 
between these two oft-intermingled concepts that deal with order. 
With combinations, the order is not of consequence (e.g., red shirt, 
blue jeans, yellow hat), but with permutations, the order is important 
(e.g., the combination to unlock a safe). 

Alignment to Standards 
All activities are linked to the Common Core State Standards for 

Mathematics (CCSS-M; an alignment chart is provided on p. 125; NGA 
& CCSSO, 2010) and the Principles and Standards for School Mathematics 
(PSSM; NCTM, 2000). As of publication, more than 40 states have adopted 
the CCSS-M. Other states are generally using their own standards, which are 
likely an adaptation of the NCTM principles and standards. In addition, many 
of the expectations expressed in the CCSS-M connect to the principles and 
standards explicated by the NCTM. 

Two notes must be made at this point. First, the NCTM document was 
comprised of six principles and 10 standards (fve content and fve process 
standards). Te content standards pertain to content areas: algebra, data analy-
sis and probability, geometry, measurement, and number sense and operations. 
Tese are the topics that should be taught in grades K–12 according to the 

PROBABILITY FOR KIDS 8 



  

 

 
 
 
 
 
 
 
 

 

NCTM. Te process standards, what teachers and learners should be doing in 
learning scenarios, is comprised of the following areas: communication, con-
nection, problem solving, reasoning and proof, and representation. 

Te CCSS-M are multifaceted, but the parallel with process standards is the 
mathematical practices. Tese, too, inform teachers and parents what should be 
occurring in an ideal classroom setting. Te eight mathematical practices are: 
� Make sense of problems and persevere in solving them (MP1). 
� Reason abstractly and quantitatively (MP2). 
� Construct viable arguments and critique the reasoning of others (MP3). 
� Model with mathematics (MP4). 
� Use appropriate tools strategically (MP5). 
� Attend to precision (MP6). 
� Look for and make use of structure (MP7). 
� Look for and express regularity in repeated reasoning (MP8). 

Readers must make note of MP4. It varies from all other mathematical 
practices in the respect that many teachers have been provided with avenues to 
facilitate all of the other practices in teacher preparation programs. However, 
mathematical modeling is not a practice that teachers are prepared to engage 
students without ample resources or training. Despite the fact that many teach-
ers may not have been trained to infuse mathematical modeling in their class-
room, Burkhardt (2007) referred to it as the means by which to make mathe-
matics learning functional because it reinforces the “learning of mathematics 
concepts and skills” (p. 85). 

Requisite Learner Knowledge 
Prior to Engaging in Problems 

Of concern to many readers is the requisite knowledge necessary to suc-
cessfully navigate the book and implement the activities. After all, what good 
is a book of activities if they cannot be implemented? Tis book was written 
so that learners (problem solvers) with strong mathematical knowledge can 
successfully investigate concepts in an area of mathematics (i.e., probability) 
that they have perhaps not explored. Facilitators are not required to have a 
deep understanding of probability or previous coursework, per se, but a deep 
knowledge of mathematics in general will certainly be helpful. In situations in 
which a facilitator does not have deep mathematical and/or probability con-
tent knowledge, considerable preparation and time must be invested prior to 
implementing the problem(s). 
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It is assumed that problem solvers will have a willingness to learn (i.e., a 
moderately high degree of motivation) and that all problem solvers have some 
understanding of technical writing so that responses can be recorded. Solving 
the problems is not the only responsibility placed on the problem solvers. 
Consistent with the model construction principle and the construct documen-
tation principle, it is expected that problem solvers will share their mathemati-
cal model in detail with colleagues. To do this, efective technical writing skills 
are mandatory and if problem solvers cannot do this, then some practice and 
coaching must be done. 

Learning Theory 
Scholars often take great pride in espousing one learning theory. 

Constructivism appears to be the en vogue learning theory of the day, but 
many other learning theories hold promise for explaining why and how learn-
ers acquire knowledge. With that said, success in solving activities in this book 
is not predicated on one learning theory. Instead, the author’s learning theory is 
comprised of the best components of several learning theories. Consequently, 
learning facilitators need not feel compelled to adopt one set learning theory. 
Above all, facilitators should invest signifcant time and attention preparing 
for the implementation of the activities (i.e., doing and reading prospective 
responses, teacher questions, and assessment tactics). Moreover, they should be 
open to various learning theories and highly learner centered. 

Caveats 
Although it is problematic to align facilitating or teaching styles with 

learning theories, because teaching and learning are two distinctively disparate 
yet intricately intertwined endeavors, one caveat is that facilitators should not 
explain algorithms or have discussions of the concepts prior to solving the tasks. 
When this happens, several negative byproducts emerge, such as thwarting of 
creativity, mimicking teacher responses, and an incredibly homogeneous set of 
solutions. In the end, all three outcomes negatively impact the mathematical 
discussion that should, by all accounts, be a very rich one. 

Facilitators should not implement any of the MEAs without frst identify-
ing multiple solution paths. Potential solutions are provided in each chapter, 
but facilitators are cautioned against simply reviewing them as a short cut. 
Solving each problem will enable facilitators the opportunity to interact with 
learners as a metacognitive coach during the problem solving session(s). 
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Tis book was not written exclusively for teachers and students in a typical 
classroom setting, hence the terms facilitator in lieu of teacher and problem 
solvers in lieu of students are often used. With that said, it is assumed that the 
vast majority of users will be teachers and students. However, this book and 
the activities included in it have innumerable applications for homeschool, 
mathematics clubs (or even cooler statistics and probability clubs), outside of 
school, and any group intending to study probability. 

MEAs work best when done in groups, rather than individually (Lesh et 
al., 2000). Lesh once stated that MEAs are the only activities specifcally cre-
ated for groups. Most group activities are written for individuals and used 
with, not adapted for, groups. 

Because probability and statistics are intricately intertwined, acquiring a 
deep conceptual knowledge of probability can help learners in acquiring basic 
concepts in statistics. To learn elementary concepts in statistics through the 
vehicle of mathematical modeling, Chamberlin’s (2013) book, Statistics for 
Kids: Model-Eliciting Activities to Investigate Concepts in Statistics is an excellent 
resource. Te basic format of each of the books is consistent so that facilitators 
can pick up either book and easily implement activities. 
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 Chapter 1 
Likelihood 

The Junior High 
School Problem 

FFor some students, the Junior High School Problem is the introductory 
model-eliciting activity that they will do in probability. Consequently, the con-
tent and context are rather important. Tis problem, written specifcally with 
advanced grades 4–6 students in mind, but aptly challenging for middle grade 
students up to grade 9, should sync well with their interests, as many of them 
will be making the transition from upper elementary to junior high or high 
school in the coming months or years. Identifying a focus in probability for 
high-ability students was difcult in the respect that the problem needed to be 
sufciently, but not overly, challenging. Tat is, on either end of the develop-
mental spectrum, a problem may pose barriers for students. If the problem is 
too difcult for the students, then they may become frustrated and disengaged. 
If, on the other hand, the problem is too pedestrian for them, they may not 
take it seriously and produce less-than-satisfactory solutions. Te hope with 
the Junior High School Problem is that the context and content meet expec-
tations and provide ideal challenge for upper elementary high-ability students 
and middle grade general population students. 

Te focus of the Junior High School Problem is to get students to quantify 
the probability of an event transpiring. More specifcally, this MEA is about 
compound probability because two events must occur, that is, both friends 
being placed in the same classroom. At its most basic defnition, probability is 
the likelihood of an event happening and it is represented by the number of favor-
able outcomes (numerator) relative to the number of potential outcomes (denom-
inator). Tis is one of the reasons that highly elementary events are used in 
introductory probability activities, such as fipping a coin (restricted to 2 out-
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comes), drawing a card from a fair deck (52 outcomes), and/or rolling a die 
(6 outcomes). In this book, problems are not centered on such (un)common 
events, as they are ubiquitous in probability chapters, books, and curricular 
materials. Instead, much more realistic problems are presented in hopes of 
stimulating students’ interest in the problems. 

In the Junior High School Problem, two friends are trying to identify the 
likelihood that they will get in the same class when they leave their respective 
elementary schools. Several elementary schools feed into a larger junior high 
school and the friends are hoping to identify what their chance is of being 
placed in the same classroom. Te students have known each other for years 
and they are faced with attending a much larger school, junior high, than which 
they currently attend (elementary school). If they could be placed together, 
they would at least start junior high with one friend that they already know. 

Links to Standards 
Te Junior High School Problem links to the CCSS-M (NGA & CCSSO, 

2010) and the Principles and Standards for School Mathematics (NCTM, 2000). 
Regarding the CCSS-M, problem solvers can be expected to engage in 

mathematical practices 1, 2, 4, 6, and 7, and depending on the manner in 
which the problem is implemented and whether the facilitator has problem 
solvers discuss solutions, mathematical practices 3, 5, and 8 may be utilized. 
Certainly, MP4 is a practice in which students rarely engage and MEAs are 
designed with the intent of getting young problem solvers to create mathe-
matical models. In addition, MP1 is likely a practice in which few students 
have engaged because it may be common for textbook problem-solving tasks 
to require very little time to solve. Anecdotal data suggests that MEAs often 
require upper elementary students approximately 45–60 minutes to solve. 
Consequently, perseverance can be a necessary skill that high-ability students 
need to refne in order to realize success with MEAs. 

Regarding the Principles and Standards for School Mathematics, problem 
solvers will generally meet several expectations. For instance, problem solvers 
will typically select and use appropriate statistical methods to analyze data, they 
may also develop and evaluate inferences based on data, and in this problem, 
they will most certainly understand and apply basic concepts of probability 
(grade bands 3–5, 6–8, and 9–12 expectations). 

PROBABILITY FOR KIDS 14 



  

 

Potential Student Responses 
Most of the MEAs in this book have at least fve solutions. Tis problem-

solving task, however, only has four because the problem is rather straight-
forward. As this problem may be the introduction for many high-ability stu-
dents in grades 4–6, the intent is to get them to consider what probability is 
and how it can be quantifed. To add a level of complexity, problem solvers 
are asked to consider two events in relation to one another in an attempt to 
quantify the probability of both events happening. Tis concept is referred to 
as compound probability. Among the responses are several initial attempts, with 
the last one considered the most accurate and sophisticated. Tis is the case 
with all chapters in that the solutions are listed from most simplistic to most 
sophisticated. Tat is, Solution 1 may or may not satisfy what teachers are 
seeking with respect to student understanding. Responses listed are potential 
responses and represent the most common responses that a teacher can antic-
ipate. If the frst and second responses created by a group of problem solvers 
are considered unacceptable, then teachers should utilize questions to redirect 
students’ thinking in an attempt to seek a refned and more advanced solution 
than those presented. 

Solution 1 
Te frst solution is a strong explanation, but it is confned to only the frst 

homeroom. Consequently, many teachers might desire a more comprehensive 
mathematical model than this one and encourage problem solvers to explain 
what could happen in homerooms after the frst one. Te frst solution refects 
the idea that there is a 1 in 100 chance of the two friends being placed in the 
same class. According to the problem solvers, this is the case because there are 
10 homerooms and each boy has a 1 in 10 chance of being selected for the frst 
homeroom. 

Te problem solvers therefore suggested that the probability of both boys 
being placed in the same homeroom is 1/10 for Maurice and 1/10 for Marvin 
or (1/10)2. Other problem solvers may represent this as 1/10 multiplied by 
1/10. Nevertheless, the probability of the event happening is 1 in 100, 1/100, 
or it can be expressed as 1%. Tese are not great odds and some problem solv-
ers might suggest that with a much smaller school and fewer homerooms, the 
likelihood of being placed together would be increased. 

Solution 2 
Te second solution is only somewhat more complex than the frst solution. 

Tis solution represents the model expressed in the frst solution—1 in 100— 
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but with this model, the problem solvers added the caveat that if either of the 
boys were selected for one homeroom and the other was not, the conditions 
of the problem could not be met. Te second solution provided an example 
to substantiate this claim. Solution 2 suggests that if Marvin was placed in the 
frst homeroom and Maurice was not, then compound probability could not 
be met in this case because the problem statement prompted individuals for 
the likelihood of both boys being placed in the same homeroom. So, if Marvin 
were placed in the frst homeroom and Maurice in the sixth homeroom, they 
would not be together. Tis solution does not specify the precise probability of 
this event transpiring, but does acknowledge that it was far more likely that the 
boys were separated than together in one homeroom. 

Solution 3 
With this solution, the problem solvers realize that the probability of being 

placed together could be quantifed quite precisely if certain conditions were 
met. Each homeroom could be given an actual probability if the boys were not 
separated in the drawing. Figure 1.1 shows the probability for each homeroom, 
assuming no separation in the drawing. 

Homeroom Probability 
1 (1/10)2 or 1.00% 
2 (1/9)2 or 1.23% 
3 (1/8)2 or 1.56% 
4 (1/7)2 or 2.04% 
5 (1/6)2 or 2.78% 
6 (1/5)2 or 4.00% 
7 (1/4)2 or 6.25% 
8 (1/3)2 or 11.11% 
9 (1/2)2 or 25.00% 
10 (1/1)2 or 100.00% 

Figure 1.1. Probability for each homeroom. 

Solution 3 also shows that the precise percentage (probability) can be 
quantifed by ascertaining the numerator, 1, and dividing it by the number 
of homerooms remaining and squaring that number. Tat eventual decimal 
could be represented as a percentage, as was done in Figure 1.1. Problem solv-
ers stipulate that if the boys were separated by the draw, then the conditions 
of the problem could not be met. Tey are not only able to quantify the exact, 
rounded in some cases, percentage, but they did it for each homeroom. Tey 
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also realize that as homerooms were removed or already drawn, the probability 
of the event happening increased greatly. Interestingly enough, they note that 
even with two homerooms remaining, the probability was still not greater than 
50% that the boys would end up in the same homeroom. 

Solution 4 
Te fourth solution is the most accurate, sophisticated, and insightful. Tis 

solution identifes the same information as Solution 3, but also shows how to 
compute the inverse for each event (i.e., the likelihood that the two best friends 
could be separated in the drawing at any moment) by subtracting the percent-
age in the second column from 100% or 1/1. Tis information is represented 
in the chart prepared in Figure 1.2. Tis solution also shows that probabilities 
can/should be represented on a scale that ranges from 0 to 1 or 0% to 100% 
with 0 being no chance at all and 1 or 100% being complete certainty of an 
event transpiring. 

Homeroom 
Probability of  

Being Together 
Probability of 

Being Separated 
1 (1/10)2 or 1.00% 99.00% 
2 (1/9)2 or 1.23% 98.77% 
3 (1/8)2 or 1.56% 98.44% 
4 (1/7)2 or 2.04% 97.96% 
5 (1/6)2 or 2.78% 97.22% 
6 (1/5)2 or 4.00% 96.00% 
7 (1/4)2 or 6.25% 93.75% 
8 (1/3)2 or 11.11% 88.89% 
9 (1/2)2 or 25.00% 75.00% 
10 (1/1)2 or 100% 0.0% 
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Figure 1.2. Probability and inverse probability of each homeroom. 

Instructor Questions 
Imperative to the success of MEAs is anticipating instances in which prob-

lem solvers may reach an impasse and not be able to successfully construct 
a suitable mathematical model. Tese questions might help problem solvers 
clarify thinking, change directions altogether, and/or come to a refned solu-
tion. Appropriate use and timing of questions can help problem solvers attain 
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considerable insight as to the solution of the problem and help them create 
strong mathematical models. 

Tree caveats are issued with the instructor questions in each chapter. First, 
not all questions will be used with the MEA. Second, the list is intended to 
be comprehensive, but it does not represent all possible questions. Tird, the 
questions are not arranged in any particular order and sometimes an alteration 
of the wording in the questions can change them dramatically—for better or 
worse. 

1. Can you provide an example of chance in your life? 
2. Can you name a situation in which the chance of something happen-

ing was 100% or nearly so? Can you name a situation in which the 
chance of something happening was 0% or nearly so? 

3. Does it have applications to this problem? 
4. What have you done so far and what does not seem clear to you? 
5. Does your fnal mathematical model and the number at which you 

arrived seem logical? 
6. Can you use your mathematical model in future, similar situations? 
7. How many events must happen for the two friends to be placed in the 

same homeroom? 
8. Is there some relationship between the two events? 
9. Does the placement of students in homerooms have any biases? For 

example, can parents of students call the principal’s ofce and get two 
people placed together in one homeroom or not placed in the same 
homeroom? 

10. If you were to guess what the likelihood of being placed in the same 
homeroom with your friend with 20 homerooms are possible, what 
would you guess the likelihood to be? 

11. If you were to guess what the likelihood of being placed in the same 
homeroom with your friend with 10 homerooms possible, what would 
you guess the likelihood to be? 

12. If you were to guess what the likelihood of being placed in the same 
homeroom with your friend with only four homerooms possible, what 
would you guess the likelihood to be? 

13. If you were to guess what the likelihood of being placed in the same 
homeroom with your friend with only two homerooms possible, what 
would you guess the likelihood to be? 

14. In which of the four previous scenarios do you have the best chance of 
being placed in the same homeroom with a friend? Provide reasoning 
for your selection. 

15. Mathematically speaking, how do you represent or write the possibility 
of something happening (such as in this problem)? 
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16. Have you considered the likelihood that the friends would not be 
placed in the same homeroom? 

17. Does that answer help you identify the opposite likelihood (i.e., that 
they would be placed together)? 

18. When representing probability (or likelihood) as a fraction, is there 
meaning attached to the numerator and the denominator of the 
fraction? 

19. Have you ever done a problem such as this one? 
20. If so, can you apply any of the methods used to this problem? 

Notes on Implementation 
As mentioned previously, teachers implementing the problem must invest 

substantive time solving the problem in as many ways as possible. Moreover, 
the timing of questions can help elucidate problem solvers’ thinking when they 
are on the precipice of creating a mathematical model. To that end, some of the 
questions are designed to help problem solvers create a more efcient model by 
helping them realize prospective faults in their current mathematical model. In 
this section, some commentary is provided on each question to help teachers 
identify situations in which the questions may be used. 

With Question 1, the intent is to (hopefully) alleviate some anxiety on 
behalf of problem solvers by getting them to discuss a real-life situation in 
which chance was evident. Te response by problem solvers may be superfcial 
or somewhat in depth. Nevertheless, simply discussing probability and help-
ing them clarify the relationship between terms such as probability, chance, 
and likelihood might serve to illustrate the notion that creating a mathematical 
model is accessible by this age group of students. 

Question 2 is a follow-up to Question 1. Te objective of Question 2 is 
to push problem solvers to realize that a likelihood of 0% (0 as a decimal) or 
100% (1 as a decimal) is in fact quite low. Problem solvers should come to the 
realization that all probabilities must be represented as 0 to 1 (or 0 to 100%), as 
reiterated by Solution 4. By providing a real-life example of a situation in which 
probability is applicable, problem solvers are also coming to the realization that 
probability is a content area in which they may not be formally trained, but 
that does not suggest that they have no knowledge of the concept. Assuming 
a very sharp group of problem solvers, they may come to the mathematical 
realization that in situations in which the probability is zero, assuming two 
events, as is the case with this problem, the events must be mutually exclusive 
ones. In addition, if two events are discussed and a 100% probability exists, the 
two events must overlap each other perfectly. Although the question does not 
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expect problem solvers to name two events, it only directs their attention to 
one event. Te following Venn diagrams may help students gain understanding 
about probability. In Figure 1.3, there is no union or intersection of events. 
In Figure 1.4, there is perfect (100%) union or intersection of the two events. 

Event 
A 

Event 
B 
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Events 
A & B 

Figure 1.4. 100% probability represented with a Venn diagram. 

With Question 3, problem solvers are asked to look introspectively at their 
answer to the second question to see if it has applications to the current prob-
lem. In doing so, the facilitator is reminding problem solvers they are not 
devoid of probability knowledge and that their knowledge may be applied to 
this MEA. If problem solvers can come to the realization that the likelihood 
of the two friends is not 100 or 0, then they have already started to gain some 
insight as to a mathematical model because they have eliminated some pro-
spective responses. 

In Question 4, problem solvers are asked to identify solutions that they 
have tried so far and to refect on them. Tis question is posed in hopes that 
they could separate productive thoughts from unproductive ones. Strangely, in 
probabilistic reasoning, unproductive thoughts can oftentimes lead to insight 
as to how not to solve the problem. To the contrary, the idea in identifying 
highly productive thoughts (i.e., those that have provided some insight as to 
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an efcient solution), should be to use them to fnalize and ultimately test a 
mathematical model. 

Question 5 might seem to be one that should be posed when the problem 
solvers have come to a fnal mathematical model. Veteran implementers of 
MEAs may recognize that the mathematical model that some problem solvers 
proclaim to be their fnal is not always promoted as their fnal model. Tis is 
the case because when problem solvers test a model, it often precipitates revi-
sions in the initial or even second iteration of the model. 

Question 6 is one that should be used with nearly every MEA imple-
mented because problem solvers are asked to consider the generalizability of 
their mathematical model. In essence, problem solvers could be asked if their 
mathematical model is useful for this problem alone or if it has applications to 
other problems in which a similar context and content is provided. Te aim 
is to get students to realize the power of their mathematical models. When 
the mathematical models might help explain future situations, problem solvers 
often realize the value of using and creating mathematical models. 

With Question 7, the goal is to direct problem solvers’ attention to the 
problem at hand. Facilitators want problem solvers to realize that one condi-
tion, in the form of two events, must be met for the two friends to be placed 
together. With as many as 10 homerooms, each of the two friends must have 
exactly the same event happen. Practically speaking, this means that wherever 
the frst boy is placed, the second one must have precisely that result. Figure 1.2 
shows this outcome. All other outcomes are represented by Figure 1.1 because 
there is no intersection or union of the two events. 

Question 8 is a follow-up to Question 7. Problem solvers should realize 
that the relationship is that the same event must occur for success to be met 
in the conditions. Another interpretation of Question 8 is also plausible—that 
the facilitator is seeking an operation or discussion on what process can be used 
to mathematize the data set (Lesh et al., 2000). When problem solvers success-
fully mathematize a situation, they have taken great strides toward the creation 
of a successful and interpretable mathematical model. 

Question 9 is almost a rhetorical question, but is it instrumental in remind-
ing problem solvers that no outside source, such as an infuential parent, may 
alter the outcome of the computer program. Tis is simply a caveat that is 
issued in most probability problems so that problem solvers realize they are 
working within fair conditions. In other problems, a fair set of dice or a fair set 
of playing cards may be mentioned. In this problem, it is imperative that prob-
lem solvers know that all homerooms have essentially the same number of stu-
dents, 29, and is comprised of about 15 boys and 14 girls. Moreover, they must 
know that no single entity has undue infuence on the outcome of placements. 
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Questions 10–13 are all intended to get problem solvers to isolate variables 
in an attempt to provide insight to their answer. Often, the frst question (10) 
will not provide adequate insight regarding a successful mathematical model. 
However, Question 11 may start to help elucidate a response. By the time the 
facilitator has progressed through Questions 12 and 13, the problem solvers 
may have identifed a pattern that will help them gain perspective on what 
facets of the model they must consider. For instance, Question 10 may relax 
problem solvers because the wording simply asks them to speculate a guess, 
however the number 20 (homeroom possibilities) might be such a large num-
ber that it scares respondents. In the next question, there are 10 homerooms, 
which is the exact number in this problem. Questions 12 and 13 pose much 
more manageable numbers that should provide insight into a solution for this 
problem. As some problem-solving experts advocate regarding successful heu-
ristics: Use smaller numbers to create a workable mathematical model, and 
then apply it to the larger problem. Te idea behind these four very purposeful 
questions is to get problem solvers to realize that the more homerooms there 
are in the problem, the lower the likelihood there is of being placed in the same 
homeroom. As with all questions posed throughout the book, the intent is not 
to give away direct answers and help students decide on one set mathematical 
model. Instead, the idea is to provide perspective so that problem solvers can 
start to create their own mathematical model(s). 

Question 14 is intended to sum up the previous four questions, in case 
problem solvers do not accomplish that task on their own. If desired, a facilita-
tor can ask problem solvers to rank the four scenarios in order from greatest to 
least or least to greatest likelihood. Te hope is that problem solvers will realize 
the distinction in the lowest number of homerooms should theoretically pro-
vide the greatest chance of being placed together or not separated. 

Question 15 is a somewhat basic question, but it is important insofar as 
getting problem solvers to realize how their ultimate answer may appear. With 
basic probability problems, the fnal answer is always represented as a decimal, 
percentage, or fraction. To get the decimal or percentage, the fraction is neces-
sary because the fraction represents the number of favorable outcomes as the 
numerator relates to the number of overall outcomes (denominator). Question 
15 is designed to inform problem solvers of the appearance of the fnal prod-
uct, although the process is equally as important with MEAs. 

Question 16 is intended to force problem solvers to consider set theory. 
Although this terminology might intimidate some students, and facilitators, it 
is a concept with which virtually all problem solvers are familiar. More specif-
cally, in a set that represents the prospective outcomes, the two friends may be 
placed in the same homeroom or they may not. Te vast majority of most prob-
lem solvers’ attention may be focused on the likelihood of a positive outcome. 
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Tis question is designed to get students to consider the alternative, the oppo-
site, or negative outcome that they were not placed in the same homeroom. 

Question 17 is a follow-up question to 16. To rephrase the question, all 
subsets or components in a set must add up to 1 or 100%. If this question can 
help problem solvers identify the nonintersection of events, then it may help 
them identify the intersection of events, which is both friends being placed in 
the same class. 

Question 18 is another form of Question 15, but in a more deliberate fash-
ion. Problem solvers are asked to defne what each component of the fraction 
represents. Tis is a methodical manner to demand that problem solvers place 
their fnal product in the form of a fraction. All the while, the facilitator is not 
revealing valuable information about the actual numbers that comprise the 
numerator and denominator. 

Question 19 is basic and may be used early in the questioning process to 
get problem solvers started. Te beauty is that it can be interpreted in a very 
closed manner, as it is a yes or no question, or it can be interpreted as inves-
tigating what information can be applied from past, similar problems. Again, 
facilitators are far more acquainted with their problem solvers than any author 
could ever purport to be. 

With Question 20, the facilitator simply takes information provided by 
problem solvers in Question 19 and expects them to apply the information to 
their solution. Tis approach has proven efective in past MEAs, as it helps stu-
dents summarize and ideally organize their knowledge of a particular concept 
so that they might apply it to the current MEA. 
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Maurice’s mother took a job as a physician’s 
assistant to help ofset expenses at home. At the time, they 

The Junior High School Problem 

Maurice Gunderson 
and Marvin Washington 

have been best friends since 
they were very young. In 
fact, many of their friends 
call them M&M because 
they are inseparable and 
are always seen together. 

Tey became best friends when 

were each only 4 years old and Marvin’s mother helped look after both 
of the children. Despite living only three blocks away from each other, they 
attended diferent elementary schools, as their homes are on the borders of 
district boundaries. As sixth graders, they are preparing to complete their 
fnal month of school and next year they will each attend the same junior 
high school. Although they will have ample time with one another in the 
summer, the transition to junior high is impending. 

Each of the boys has heard many stories about junior high school. 
Many of the stories have come from Maurice’s brother Kevin—and they 
are not sure about the truthfulness of the stories, as he likes to tease them. 
Nevertheless, each boy will readily admit that if the stories are true, then 
they are a little scared. First, attending a new school and being the youngest 
students in the school makes them a little concerned. Second, the rigors 
of a new academic setting concern them because they will now walk from 
classroom to classroom instead of just staying in one room all day. Tird, 
the number of students in their grade will be more than three times greater 
than their elementary schools, so it is not surprising that they would feel 
more comfortable together than apart. Teir plight as junior high students 
has left them wondering what the chances are of being in the same class-
room next year. 

24 Probability for Kids © Taylor & Francis � Permission is granted to photocopy or reproduce this page for single classroom use only. 



 

Name:__________________________________________________________________________________

Readiness Questions 

1. Name the two best friends in the story. 

2. Why are the two friends a little bit concerned about going to the 
junior high school? 

3. If the boys are going to a large school, with many homerooms, does 
it seem like they might have a good chance of being in the same 
homeroom? 

4. If the boys are going to a small school, with few homerooms, does 
it seem like they might have a good chance of being in the same 
homeroom? 

5. Despite living close to one another, in the same neighborhood, why 
do not the two boys attend the same elementary school? 

6. What grade are the two boys in now? 
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Data Table 

Northside 
Elementary 

Southside 
Elementary 

Eastside 
Elementary 

Westside 
Elementary 

Class 1 9 boys 
10 girls 

14 boys 
12 girls 

9 boys 
7 girls 

11 boys 
10 girls 

Class 2 9 boys 
8 girls 

14 boys 
11 girls 

10 boys 
8 girls 

10 boys 
12 girls 

Class 3 10 boys 
10 girls 

13 boys 
10 girls 

10 boys 
10 girls 

10 boys 
9 girls 

Class 4 10 boys 
8 girls 

13 boys 
13 girls 
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Problem Statement 

Maurice and Marvin are out of school for the academic 
year and their parents are helping them fnd productive things 
to do for the summer. Both of them enjoy baseball and they 
have already started it. Teir parents have signed them up for 
a mathematics camp that takes place in the mornings for one 
week. At camp, students are asked to bring one of their own 
mathematics problems to solve. Being perplexed by whether or 
not they could be in the same homeroom, they have decided to 
pursue an answer. Teir mentor has helped them phrase their 
problem statement. 

Using the elementary school data found on students coming 
in to Niles Junior High School, create an explanation as to the 
chances of Maurice and Marvin being in the same homeroom 
in junior high school. It is important to remember that all stu-
dents are placed in homerooms by a computer that randomly 
sorts students, so all students have the same likelihood of getting 
each homeroom teacher. At Niles Junior High School, there are 
10 homerooms and each homeroom will have precisely 15 boys 
and 14 girls. When you have created an explanation, document 
your solution so that it can be shared with peers as part of your 
mathematics project. 
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Chapter 2 
Randomness 

The Magazine 
Subscription Problem 

EEveryone likes to win things. Winning a competition, such as a cycling race 
or a chili cook-of, due to substantial preparation is very gratifying. Contestants 
are rewarded for their eforts and are often encouraged to rededicate themselves 
to their passion. To the contrary, winning a contest in which one has no control 
over the outcome, such as a sweepstakes, is surprising. 

Te focus of Chapter 2 is randomness. At the heart of probability is the 
notion that true randomness must exist. To develop deep understanding of con-
cepts in probability, aspiring mathematicians need to know what constitutes 
randomness, as it is requisite for every true experiment. To that end, problem 
solvers are asked to develop a mathematical model that might explain when 
rules of true randomness in probability have been violated. Te context for this 
MEA is that students at a local school have participated in a fund raiser so that 
the middle school gymnasium can be renovated. To raise funds, students are 
expected to sell magazine subscriptions to citizens in their community. Te top 
fve magazine subscription sellers will automatically receive prizes and 10 addi-
tional salespeople will receive prizes from a randomized drawing. In this MEA, 
students are asked to question whether the drawing was in fact randomized. In 
so doing, problem solvers are faced with two tasks. First, they need to mathe-
matize or defne the construct of randomness. Second, they are asked to apply 
their newly created defnition to the data set to ascertain whether randomness 
was actually achieved. 

In many ways, this MEA is quintessential in that to solve it problem solvers 
need to defne some fuzzy constructs through quantifcation. Tey then need 
to apply their defnition in a mathematical setting to test its accuracy. One of 
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the hallmarks of MEAs (Lesh et al., 2000) is that problem solvers engage in 
multiple iterations to identify a highly precise mathematical model. Tis com-
ponent of MEAs merges with eforts and objectives in engineering education 
because engineers are constantly designing physical, not mathematical per se, 
models and testing them to see if/how they work. From their observation(s), 
they have data that enables them to refne their prototype. In a similar manner, 
mathematical modelers often create a prototype or model and then when their 
model is tested against the data, refnements may be necessary. 

Links to Standards 
With a focus on randomness, connections to standards may not be many, 

but this does not mitigate the importance of understanding the concept of 
randomness and its impact on probability, as well as statistics. Much like the 
focus on likelihood in Chapter 1, the concept of randomness is one of the sem-
inal characteristics of probability. Te standards for the Magazine Subscription 
Problem are mostly upper level (grades 6–12) because randomness, although 
ostensibly an elementary concept of probability, is anything but simplistic to 
grasp. Gaining a deep conceptual understanding of randomness and related 
concepts is the intent of doing the Magazine Subscription Problem. Standards 
met for this, and all MEAs, are contingent upon how students solve the prob-
lem. However, given the fact that a discussion often ensues at the conclusion 
of doing an MEA, students are exposed to solutions of all students in the class. 
Standards that are often met through this problem are divided into two cat-
egories: Principles and Standards for School Mathematics (NCTM, 2000) and 
Common Core State Standards in Mathematics (NGA & CCSO, 2010). 

Regarding the NCTM standards, in grades 6–8, students will likely select, 
create, and use appropriate graphical representations of data. Tey will also 
understand the correspondence between data sets and their corresponding 
graphical representations because a bar graph may well provide insight as the 
fnal mathematical model, although it will not constitute it in fullness. Finally, 
they will compute probabilities for events. In grades 9–12, students will be 
able to display distribution to make sense of a data set. In an informal sense, 
students with a comprehensive model will undoubtedly compute and interpret 
the expected value of random variables in simple cases. Certainly, all students 
that have constructed a mathematical model will meet the algebra expectation 
of using mathematical models to make sense of data. 

With respect to the CCSS-M (NGA & CCSO, 2010), many mathematical 
practices are met, such as Mathematical Practices 1, 2, 4, 5, and 6. Depending 
on the process used to arrive at the fnal mathematical model, problem solvers 
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will likely engage in MP7 and 8 and if teachers have a follow-up discussion of 
solutions, as recommended, then MP3 will be met. Certainly, the strongest 
connection to the mathematical practices is MP4, which is met by demanding 
that students create mathematical models to make sense of a data set. 

Several CCSS-M domain standards will be met as well by completing the 
Magazine Subscription Problem. In grade 5, for instance, problem solvers will 
represent and interpret data. In grades 6 and 7, problem solvers will understand 
ratio concepts and use ratio reasoning to solve problems. Furthermore, prob-
lem solvers will likely summarize and describe distributions. In grade 7 domain 
standards, problem solvers will also use random sampling to draw inferences 
about a population. Similarly, they will investigate chance processes and cre-
ate probability models. In high school domain CCSS-M standards, problem 
solvers will understand and evaluate random processes underlying statistical 
experiments and they will make inferences and justify conclusions from obser-
vational studies. Tey will also have to be acquainted with expected values and 
use such expected values to solve problems. Finally, problem solvers will use 
probability to evaluate outcomes of decisions. 

Potential Student Responses 
Ideally, one of the most interesting facets of problem solvers creating math-

ematical models is the analysis of them once they have been fnalized. With this 
MEA, at least fve common mathematical models are presented. Teachers are 
reminded that all mathematical models could be presented, given rather minor 
changes from model to model. In the end, minor alterations to some models 
could produce an almost incalculable number of models. Prospective solutions 
are presented from least to most sophisticated. 

Solution 1 
Te frst solution is a very basic understanding of the problem represented 

in the simplistic nature of the model. Tat said, highly simplistic models can 
serve great purposes in learning episodes given the relative ease with which 
they are interpreted. Tis mathematical model is one in which problem solvers 
looked at the percentage of winners from each class and determined that the 
winners were not evenly distributed among classes. Tat is to say, a very basic 
understanding of expected values may have been displayed by realizing that 
just more than 10 (13) classes existed among which to distribute 10 prizes. 
Without any computation, it is clear that almost all of the classes should receive 
a prize. However, with this data, it is readily apparent that only fve classes were 
represented among the winners. Even a very basic computation such as this is 
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powerful in helping problem solvers realize the relationship between true ran-
domness and expected value. Tat is to say, even if the precise number of win-
ners per class cannot be computed, it would appear a bit odd if prizes did not 
appear in all three grades and at least seven or eight classrooms. It is important 
to note that randomness can occur, even with duplication, but repeated dupli-
cations (in this case, multiple winners in the same classroom) may start to raise 
suspicion about true randomness. 

Solution 2 
Te second solution is slightly more complex and therefore a bit more 

powerful in making sense of randomness and expected value. With this solu-
tion, the percentages of winners from each class and grade were computed and 
compared against the expected value of winners (see Figure 2.1). Te actual 
data are presented in Figure 2.2. 

4 

3 

2 

1 

0 
5a 5b 5c 5d 6a 6b 6c 6d 7a 7b 7c 7d 7e 

Figure 2.1. Expected values.  

4 

3 

2 

1 

0 
5a 5b 5c 5d 6a 6b 6c 6d 7a 7b 7c 7d 7e 

 Figure 2.2. Actual data. 

Te data presented in this problem do not mesh with what should be 
expected. One of the primary diferences in this model and Solution 1 is that 
in this model, problem solvers actually provided a representation to elucidate 
the diference in the two data sets (i.e., what should happen and what actually 
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did happen). In addition, the model stipulates actual data, rather than simply 
suggesting that the expected values and actual values do not align. Incidentally, 
it should not be presumed that students in grades 4–6 will use formal termi-
nology such as expected values. However, it should be noted that in Figure 
2.1, problem solvers stipulate that each class should expect to have almost 
one winner (technically 10/13 of a winner, although this was not clarifed in 
Solution 2). What actually happened, which is represented in Figure 2.2, does 
not resemble what was expected at all. In short, the expected distribution of 
winners does not resemble the actual distribution of winners. 

Solution 3 
An even more polished solution is to compute expected values for each 

class assuming they are the same size, realizing that there are 13 homerooms 
and only 10 prizes, and to informally suggest that each room should have 
about .77 of winner. Rounded of to the nearest integer, this number comes 
to almost one winner per classroom. Tat said, the results may appear to be a 
bit suspicious in that only fve of the 13 classrooms had winners. Te expected 
value might suggest that as many as 10 classrooms could have had winners. 
Tis model is a more advanced solution than Solutions 1–2 because precise 
values have been computed and the actual diference can be presented by com-
paring theoretical (or what should happen data) and actual or empirical data. 
When one considers the concept of equiprobability (i.e., each class should 
have roughly the same probability of winning a prize), and then looks at the 
actual result (winners in only fve classes) relative to the number of classes 
without winners drawn (eight), the data suggest that the contest was not fair. 
As randomness goes, it would not be surprising to see duplicate winners in 
one classroom, however, duplicate winners in three classrooms and a triplicate 
winner in another classroom does not seem fair or random. Instead, it appears 
as though the data or winners were somehow manipulated to have a greater 
number of winners in some classes than in others. 

Solution 4 
Solution 4 is a complex and sophisticated one. Expected values are com-

puted per homeroom and the abnormality, which is used to confrm or deny 
true randomness, is quantifed because the odds for each class winning are 
computed. Tis was done in Solution 3, however in Solution 4, greater speci-
fcity is provided. Tis data may be measured against graphs or diagrams, thus 
suggesting that continual winners, Mr. Coblentz, Mr. Ferlups, Mr. Hupper, 
and Mr. Stine, appear nonrandom. It is true that each homeroom class does 
not have precisely the same number of students, but the largest class is only 
seven larger than the smallest, so relatively speaking, homeroom classes that 
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are a bit bigger than others could have a slightly greater likelihood of winning 
than the smaller ones. Another manner by which this mathematical model 
varies from others is that a distribution plot of men versus women teachers 
was created. With 13 total teachers, 8 women and 5 men, it might be assumed 
that approximately 6 winners would come from women teacher classes and the 
remaining 4 winners would come from men teacher classes. Figure 2.3 displays 
an elementary Chi-square created by problem solvers to show that without 
the actual computation of it (i.e., a Chi-square), something seems to be amiss 
probabilistically. 

Homeroom 
Teachers 

Number of 
Teachers 

Number of Prizes 
Expected 

Number of  
Prizes Awarded 
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 Women 8 6 1 

Men 5 4 9 

Figure 2.3. Prizes awarded to homeroom teacher by gender. 

Furthermore, the mathematical model also stipulates that grade 5 was 
comprised of 109 students, grade 6 was comprised of 113 students, and grade 
7 was comprised of 121 students. Given this data, it would seem as though 
grade 5 could anticipate approximately three winners, grade 6 could anticipate 
three winners, and grade 7 could anticipate four winners (see Figure 2.4). 

Homeroom 
Teachers 

Number of 
Students 

Number of Prizes 
Expected* 

Number of  
Prizes Awarded 

Grade 5 109 3 2 
Grade 6 113 3 2 
Grade 7 121 4 6 

*Indicates these data were rounded. 

Figure 2.4. Prizes awarded according to grade level. 

As Figure 2.4 indicates, the outcome was also not as expected because 
grade 5 and 6 each had two winners, and grade 7 had six winners. Te pre-
ponderance of evidence, according to this model, suggests that prizes were not 
awarded randomly and the contest was therefore not fair. 

Solution 5 
Solutions 4 and 5 are of a similar degree of complexity. With each model, 

problem solvers analyze varying parts of the data. However, the level of preci-
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sion in Solution 5 might suggest that it is a bit more complex than Solution 4. 
With Solution 5, expected values are computed per actual class size (based on 
the number of students) rather than assuming that all classes were of the same 
size. It is for this reason that actual expected values will difer only slightly, or 
be specifc from class to class. Figure 2.5 provides data on specifc expected 
value. In addition, the likelihood (expected value) of multiple winners was 
computed. Tis statistic will vary slightly based on the order in which the 
winners were selected. For example, assuming Mrs. Sahlof’s class has the frst 
winner, the likelihood of a winner for the next homeroom will be reduced by 
one in the denominator because the total number of students is now one less 
than it was initially (or 342). It is assumed that no student can win twice, thus 
they are removed from the total number of students or prospective winners per 
classroom. Te computation used to ascertain expected values per homeroom 
based on student population was the most basic defnition of probability, in 
which the numerator represents favorable outcomes and the denominator rep-
resents total number of outcomes. 

Name of Likelihood of Likelihood of 
Homeroom Number of Likelihood a Duplicate a Triplicate 

Teacher Students of a Winner Winner Winner 

Mrs. Sahlof 
(5a) 27 27/343 (27/343)* 

(26/342) 

(27/343)* 
(26/342)* 
(25/341) 

Mrs. Bishop 
(5b) 29 29/343 (29/343)* 

(28/342) 

(29/343)* 
(28/342)* 
(27/341) 

Mr. Coblentz 
(5c) 27 27/343 (27/343)* 

(26/342) 

(27/343)* 
(26/342)* 
(25/341) 

Mrs. Taylor 
(5d) 26 26/343 (26/343)* 

(25/342) 

(26/343)* 
(25/342)* 
(24/341) 

Mrs. Snyder 
(6a) 28 28/343 (28/343)* 

(27/342) 

(28/343)* 
(27/342)* 
(26/341) 

Mrs. Williams 
(6b) 28 28/343 (28/343)* 

(27/342) 

(28/343)* 
(27/342)* 
(26/341) 

Figure 2.5. Likelihood (expected value) of winning. 
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Name of Likelihood of Likelihood of 
Homeroom Number of Likelihood a Duplicate a Triplicate 

Teacher Students of a Winner Winner Winner 

Mrs. Burdoch 
(6c) 30 30/343 (30/343)* 

(29/342) 

(30/343)* 
(29/342)* 
(28/341) 

Mr. Ferlups 
(6d) 27 27/343 (27/343)* 

(26/342) 

(27/343)* 
(26/342)* 
(25/341) 

Mr. Kaiser 
(7a) 25 25/343 (25/343)* 

(24/342) 

(25/343)* 
(24/342)* 
(23/341) 

Mr. Huppert 
(7b) 24 24/343 (24/343)* 

(23/342) 

(24/343)* 
(23/342)* 
(22/341) 

Mrs. Hartmann 
(7c) 23 23/343 (23/343)* 

(22/342) 

(23/343)* 
(22/342)* 
(21/341) 

Mr. Stine 
(7d) 24 24/343 (24/343)* 

(23/342) 

(24/343)* 
(23/342)* 
(22/341) 

Mrs. Powers 
(7e) 25 25/343 (25/343)* 

(24/342) 

(25/343)* 
(24/342)* 
(23/341) 

Σ=343 
Note. In the formula above, the asterisk (*) represents the operation multiplication. Data 
presented are approximates because the exact order of the winners were not reported so 
the mathematical model stipulates the likelihood of wining two and three times in order. 

Figure 2.5. Continued. 

Solution 5 is also highly sophisticated in that in the mathematical model, 
the problem solvers considered compound probability, which is the likelihood 
of several events happening consecutively (in this case, multiple winners per 
classroom). 

Instructor Questions 
Improvising questions, or making them up as the modeling activity unfolds 

is not ideal, but invariably will be necessary. Certainly, some questions will be 
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made up based on questions and solutions that problem solvers are creating 
organically. However, questions presented in this section are common ones 
that most teachers will fnd productive during the activity. As such, acquaint-
ing oneself with the questions prior to the activity is suggested. 

In addition, facilitators should invest time in anticipating questions that 
problem solvers may have. Finally, implementers of this problem should be 
prepared to help students understand terminology without giving away (any) 
solutions. 

1. Is it possible for one class to have more than one winner and still 
achieve randomness? 

2. Should any one classroom possess an advantage in having a winner 
drawn? 

3. Do male or female teachers possess an advantage in having a winner 
drawn? 

4. How do you defne fairness (randomness) in your mathematical model? 
Is that defnition consistent with the way you have mathematized it? 

5. What data (events) would lead you to believe that fairness (random-
ness) was achieved? 

6. What data (events) would lead you to believe that fairness (random-
ness) was not achieved? 

7. What sorts of computations or calculations do you envision doing to 
get started? 

8. Are there things that you have not considered or analyzed with your 
data? 

9. Does the number of students in each homeroom have anything to do 
with the fairness (randomness) of the drawing? 

10. How could one class have more than one winner, as Mr. Stine does? 
11. About how many winners would you expect per grade level? 
12. Does one classroom not having a winner afect any other classrooms 

in any manner? 
13. Does one classroom not having a winner afect that same classroom 

during the drawing? 
14. Does one classroom having a winner afect any other classrooms in any 

manner? 
15. Does one classroom having a winner afect that same classroom during 

the drawing? 
16. Does the total number of students have anything to do with the fair-

ness (randomness) of the drawing? 
17. Why do you think the number of students per classroom is provided 

with the data set? 
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18. Why do you think the number of winners per classroom/grade is pro-
vided with the data set? 

19. Is there another analytic (statistical) procedure that you could conduct 
to help improve your model (e.g., make it more comprehensive than 
it currently is)? 

Notes on Implementation 
It is important that students make the connection between fairness and 

randomness. Tey are intended to mean the same thing in this problem, but the 
author was trying to avoid using the actual term or concept under investigation 
by problem solvers. Naturally, the concept under investigation in this MEA 
is randomness and at the conclusion of the problem, the facilitator should be 
prepared to hold a very short presentation on the importance of randomness 
in probability as well as statistics. Note that randomness is at the heart and a 
requisite component of all truly experimental designs in social sciences. Te 
most common link between randomness, such as in a telephone survey, is to 
work with an unbiased sample. Anything else—a biased sample—will enhance 
the likelihood of unfair or skewed results. In fact, the paucity of fairness in 
probability may be considered the most regular criticism of statistics. An old 
book, initially published in 1954, that is well worth reading is entitled, How to 
Lie With Statistics (Huf & Geiss, 1993). Many of the arguments in the book 
are predicated on an unfair, nonrandom, sample. In this section, additional 
implementation tips are provided that are germane to the questions shared. 

With Question 1, the facilitator is trying to draw problem solvers’ atten-
tion to the fact that multiple winners have come from the same class. Although 
a solution is not divulged per se, problem solvers should start to consider com-
ponents of the data, such as the fact that multiple winners have come from 
four rooms. In fact, only one room has a single winner. Tis may suggest to 
problem solvers that the concept of randomness is in question because there is 
an uneven distribution of winners among the homeroom teachers. 

In Questions 2 and 3, problem solvers are encouraged to consider the fair-
ness of the drawing. Technically, the drawing should yield no particular advan-
tages for any one constituent (i.e., male or female teachers, male or female par-
ticipants, homeroom grade level, etc.). True randomness needs to be defned to 
actually create the mathematical model and the most simplistic conception of 
randomness is that every single data point has precisely the same opportunity 
to be selected in a randomly executed drawing. For example, if 10 citizens in a 
community phone book were randomly selected in a drawing, then no individ-
ual listed in the phone book would have an inherent advantage. 
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Question 4 is directed at getting problem solvers to conceptually defne 
randomness to instruct the creation of their mathematical model. It is difcult 
to achieve randomness through a mathematical model if the notion of what 
constitutes randomness is not an agreed upon construct. Te follow-up ques-
tion asks problem solvers to self-assess to see if their mathematical model is 
consistent with their defnition of randomness. 

Questions 5–6 have the same intent, although facilitators may fnd one 
more appropriate than the other depending on the mathematical model in the 
process of being created. In both instances, problem solvers are strongly urged 
to use data to support their claim(s). A manner in which this question could be 
rephrased as a statement is, “Show me, and the class, data that supports your 
mathematical model (conclusion).” Questions such as this should be actively 
used with every MEA. In short, problem solvers have been provided with some 
mathematical piece of information in each MEA. During the modeling pro-
cess, they need to insure that their mathematical model is supported by the 
information provided. Question 7 is focused on brainstorming computational 
processes to answer the question. 

Question 8 is intended to help problem solvers consider the comprehen-
siveness of their solution(s). It reminds problem solvers not to overlook data 
points, including data such as homeroom teachers that do not have winners in 
their classroom. Sometimes, a lack of data, in this case, winners, is as insightful 
as data points. Moreover, problem solvers may not consider a lack of winners 
a lack of data. In truth, the lack of data could be supplanted with a zero in the 
box, thus indicating zero winners. 

With Question 9, problem solvers are again not given a direct hint, but 
astute problem solvers may realize that classrooms that have a greater number 
of classmates stand a slightly greater probability of a winner coming from their 
classroom. For whatever reason, grade 7 has fve homerooms and grades 5 and 
6 only have four homerooms. Technically, grade 7 stands a slightly greater 
chance of having more winners than the other two grades due to the number 
of students, as shown in Solution 4, but the probabilistic diference should 
be negligible. Specifcally, after rounding, grades 5 and 6 should have three 
winners each and grade 7 should have four winners. Question 9, therefore, is 
not intended to provide direct hints to problem solvers, but it may send them 
in the direction of considering statistics provided such as overall number of 
students per homeroom and grade. 

Questions 10–11 are intricately intertwined. With each question, the 
problem solvers’ attention is directed toward the probability of attaining more 
than one winner, which is connected to expected values. In short, problem 
solvers should be left wondering, “What seems like a legitimate or fair number 
of winners per classroom or grade?” In Question 10, Mr. Stine is simply used 
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as an example and teachers should keep in mind that virtually any teacher’s 
name could be used here. Mr. Stine’s was simply selected because he had three 
winners. 

Questions 12–15 work toward the same objective, for problem solvers 
to make sense of compound probability. In Solution 5, the problem solv-
ers invested great care in considering what likelihoods would be of multiple 
winners, including double and triple winners. Tis is a sophisticated solution 
because many that consider whether randomness truly exists or not will base 
their decision on intuition, but any time that intuition can be aided with for-
mal, statistical procedures and knowledge, it enhances the likelihood that a 
qualifed decision is made. It is for this reason that posing a question such as, 
“Does the outcome in one classroom afect the prospective outcome in other 
classrooms?” is good because the question is designed to guide problem solvers’ 
thinking. 

Question 16 was created to encourage problem solvers to investigate fair-
ness. Tis question will help them realize that if one homeroom were over-
loaded with students, the likelihood of winning would be increased relative 
to smaller homerooms. Tat said, there is not a distinct advantage for any one 
homeroom because they are all of a very similar size with the largest home-
room in grades 5–7 being comprised of 30 students and the smallest being 
comprised of 23. 

Questions 17 and 18 are not directly telling problem solvers to consider 
the number of students per classroom/grade and number of winners per class-
room/grade, but they are strongly admonishing problem solvers to see if it can 
be used in their mathematical model. Certainly, extraneous data can be pro-
vided in such problems, but problem solvers should decide if data in question 
are pertinent to their solution. 
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 The Magazine 
Subscription Problem 

Students at John Calvin Coolidge Middle School in the 
metropolitan area of Salt Lake City are aglow with excitement. 
For the frst time in several years, they will have a newly reno-
vated gymnasium for the middle grade boys and girls to engage 
in sports activities such as volleyball, basketball, wrestling, and 
physical education classes. Te gymnasium will be quite an 
impressive sight, with retractable bleachers, renovations to the 
locker rooms, and a new scorer’s table for team events. 

Mr. O’Connor, the middle school physical education (PE) 
teacher, is very excited to have a new area in which to work 
with students throughout the year. As the middle grade athletic 
director, he also sees endless benefts to the sports programs. 
“Everyone’s excited to have new digs in which to compete, 
especially our girls’ volleyball team,” Mr. O’Connor said. “We 
already had a lot of interest in athletics at our school, but now 
we may really be able to support some varsity and B-teams. We 
may need to hire some extra coaches.” 

To ofset some expenses, Mr. O’Connor has arranged a fund 
raiser. His thought is that students can take pride in their own-
ership of the project by partially funding the renovation. To 
raise funds, students will sell magazine subscriptions to citi-
zens in the community. “Naturally, we want to sell as many 
magazine subscriptions as possible,” Mr. O’Connor said. As an 
incentive to sell subscriptions, Mr. O’Connor is ofering prizes 
for performance. Te top fve salespeople are guaranteed prizes. 
Te third-, fourth-, and ffth-best sellers will each get iPods. 
Te second-best seller will get an Xbox, and the top seller will 
get the latest iPhone. All students will be entered into a draw-
ing for 10 additional prizes worth $50 each. 
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Name:__________________________________________________________________________________

Readiness Questions 
1. Who is the PE teacher and athletic director at J. C. Coolidge Middle 

School? 

2. What is happening to the J. C. Coolidge Middle School gymnasium? 

3. What are students at J. C. Coolidge Middle School doing to raise 
money for their renovation? 

4. Why is selling as many magazine subscriptions as possible necessary? 

5. What is Mr. O’Connor doing to increase magazine subscription sales? 

6. Five students can win prizes through being the top sellers, but how 
many can win prizes through the drawing? 
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Data Table 
Name of  

Homeroom Teacher 
Number of 
Students 

Number of 
Winners 

Mrs. Sahlof 
(5a) 27 

Mrs. Bishop 
(5b) 29 

Mr. Coblentz 
(5c) 27 2 

Mrs. Taylor 
(5d) 26 

Mrs. Snyder 
(6a) 28 

Mrs. Williams 
(6b) 28 

Mrs. Burdoch 
(6c) 30 

Mr. Ferlups 
(6d) 27 2 

Mr. Kaiser 
(7a) 25 

Mr. Huppert 
(7b) 24 2 

Mrs. Hartmann 
(7c) 23 1 

Mr. Stine 
(7d) 24 3 

Mrs. Powers 
(7e) 25 
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Name:__________________________________________________________________________________

Problem Statement 

Te magazine subscription sales have been tabulated and 
the prizes have been awarded. Given J. C. Coolidge Middle 
School’s emphasis on interdisciplinary studies, the mathematics 
class has decided to analyze the results. Mr. O’Connor wants to 
know if the students thought the contest was fair. In particular, 
he wants to know what the students thought about the drawing 
for the 10 random gift certifcates of $50 each. Write a letter to 
Mr. O’Connor describing why the contest was fair or not fair. 
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Chapter 3 
Law of Large and 

Small Numbers 
The Basketball Problem 

BBasketball is popular in much of the world. What was once a sport played 
predominately in the United States has become commonplace even in some of 
the most remote parts of the world. In the most recent Fédération Internationale 
de Basketball Amateur (FIBA) Championships, more than 200 countries were 
represented in some capacity. Tus, it is not surprising that elementary and 
secondary students are participating in basketball at very high rates. 

In the U.S., Indiana has long been known as the heartland of high school 
basketball. After all, of the top 15 largest basketball gymnasiums in the coun-
try, 12 are in Indiana (Ruibal, 2004), including North Side Gymnasium in 
Elkhart, IN. In 1990, the state fnal basketball game was played in front of 
more than 41,000 fans (McKee, 2010). 

In this activity, students are asked to analyze height data for girls and boys 
from Elkhart Technical Institute High School to see if any trends surface. Coach 
Foster is interested in identifying what is happening to the average height of 
students in his school in an attempt to see if it will ultimately help his basket-
ball programs. Data are provided for the graduating classes from 2010–2016 
for boys and girls. Te data is a realistic set and problem solvers are asked to 
simply make sense of the data and document it in a letter to Coach Foster so 
that he can use it with future classes of students. Te context for the problem 
is quite realistic and the data set was adapted from national averages so prob-
lem solvers can become acquainted with approximately how tall they will be 
at certain grade levels. Facilitators of the problem should perpetually remind 
themselves and problem solvers of why the data may be as it is. For example, in 
the graduating class of 2010, the average (represented as an arithmetic mean) 
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height of girls goes down from grades 8–10. Problem solvers and facilitators 
alike should ask themselves if this is a statistical possibility. 

Links to Standards 
Tis activity is linked to NCTM and Common Core State Standards. Te 

standards met by the Basketball Problem are many and varied. For instance, 
all activities in this book meet the general content standard Data Analysis and 
Probability outlined by the NCTM (2000). More specifcally, the concept 
focus in this chapter is law of large and small numbers, with a secondary focus 
on trends. Each of these content foci links with two expectations outlined in 
PSSM. In grades 6–8, problem solvers will be expected to “Discuss and under-
stand the correspondence between data sets . . . ” (p. 248). In addition, prob-
lem solvers will naturally “Identify trends in bivariate data and fnd functions 
that model the data or transform the data so that they can be modeled” (p. 
324). Te second is an expectation outlined for grades 9–12. 

Regarding the CCSS-M, MP4, model with mathematics, is met by com-
pleting an actual mathematical model (NGA & CCSO, 2010). MEAs require 
that problem solvers create a mathematical model for a successful solution. 
In addition, Mathematical Practices 1, 2, and 7 are met by all activities. 
Mathematical Practices 3, 5, 6, and 8 may be met depending on the problem 
completed and the manner in which the educational facilitator implements the 
problems. In this problem, it is most likely that problem solvers will engage in 
MP 3, 6, and 8. 

Myriad other cursory standards are met in the CCSS-M. Te extent to 
which they are met may be determined by individual teachers and learning 
facilitators. Consequently, only the most obvious standards met (i.e., those 
met by all problem solvers no matter what capable solution they create), will be 
detailed. Regarding grade 5 domain standards, problem solvers will represent 
and interpret data. In grade 7 standards, problem solvers will draw informal 
inferences about two populations and they will investigate chance processes 
and develop, use, and evaluate probability models. In grade 8 standards, prob-
lem solvers will investigate patterns of association (in this case, any prospective 
trend) in bivariate data. Regarding high school domain standards, problem 
solvers will use probability to evaluate outcomes of decisions. 
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Potential Student Responses 
Student responses are many and teachers can expect to see several responses 

that are quite similar because many of the problem solvers will come from the 
same class. In the following section, facilitators of the Basketball Problem will 
gain insight on prospective solutions. With such a large number of advanced 
students solving the problem, only the most common solutions could be pre-
sented. Creative solutions may vary dramatically from those shared (Chamberlin 
& Mann, 2014). Solutions are presented in order of least to most sophisticated. 

Solution 1 
Certainly a less-than-ideal response, but an entry-level mathematical model 

nevertheless, is for students to express that it appears as though students are 
getting taller as the graduating classes progress. With this solution, however, 
problem solvers have invested little attention in the law of large and small 
numbers. Te intent of MEAs is to get problem solvers to specify precisely 
how they arrived at their conclusion. To that end, problem solvers should be 
prompted to create a mathematical model to explain their conclusion. Several 
conclusions could be reached after analyzing the data. 

Solution 2 
A more sophisticated solution is to realize that multiple outcomes are pos-

sible. Ideally, the problem solvers could identify all possible solutions. Unlike 
Solution 1, Solution 2 realizes that multiple, and more complex, outcomes 
could occur. Although problem solvers should still be prompted for greater 
clarity in their solution (i.e., how did you come to this conclusion?), even a 
basic probability tree or a chart would be the beginning of a mathematical 
model. Figure 3.1 below provides some insight on prospective solutions. 
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Taller (Girls) Same (Girls) Shorter (Girls) 

Taller (Boys) 
Boys (Taller) 
Girls (Taller) 

Boys (Taller) 
Girls (Same) 

Boys (Taller) 
Girls (Shorter) 

Same (Boys) 
Boys (Same) 
Girls (Taller) 

Boys (Same) 
Girls (Same) 

Boys (Same) 
Girls (Shorter) 

Shorter (Boys) 
Boys (Shorter) 
Girls (Taller) 

Boys (Shorter) 
Girls (Same) 

Boys (Shorter) 
Girls (Shorter) 

Figure 3.1. Prospective solutions. 
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Tis mathematical model is insightful because it suggests that more than 
one or two basic outcomes are plausible and such conclusions may be based on 
the number of participants from which data was collected. However, it does 
not necessarily suggest which of the nine outcomes has occurred. Tat is to 
say, problem solvers have garnered great insight as to what could potentially 
happen, but they have not identifed which outcome has occurred given the 
data set. 

Solution 3 
With Solution 3, problem solvers clearly invest greater time and efort 

into elucidating their model so that it might be transferrable to other users. 
Problem solvers have applied the data to actually come to an answer. Tey 
may, or may not, identify all of the prospective solutions as in Solution 2, but 
they have ascertained that the data point to an actual trend. Solution 3 difers 
from Solution 4 in that the problem solvers have identifed a trend of one of 
the nine options. However, they do not apply their mathematical model to 
each of the separate classes to create a highly specifc fnding, and therefore a 
highly specifc model that can be used in other, similar situations. In looking 
at the data, Solution 3 might reveal that boys are generally getting taller and 
girls are largely staying the same (not getting taller or shorter). To come to this 
fnding, problem solvers may have looked at single pieces of data, for example, 
the data in grade 12 for all years, and come to the conclusion that boys appear 
to be getting taller and girls are not changing considerably. Tis solution may 
precipitate the question, “Does a statistically signifcant diference occur in the 
data sets?” To fully realize this answer, Solution 4 may need to be considered. 

Solution 4 
With Solution 3, problem solvers may well have simply looked at one col-

umn and come to a conclusion on boys and girls, although they may not have 
invested enough time in looking at the population samples. Tis is clearly more 
sophisticated than Solutions 1 and 2, but not as sophisticated as Solution 4. 
With Solution 4, problem solvers legitimately look at each piece of data sepa-
rately to verify that a change occurred. Solution 4 most likely was formulated 
with multivariate statistics in mind. Tat is to say, problem solvers that come 
up with Solution 4 probably look at multiple sets of data simultaneously in 
coming to their conclusion, thus making it a comprehensive mathematical 
model. Statements such as the following may be overheard while their model 
is being created, “Well, yes, at the end the boys are taller and the girls aren’t 
much taller, but if you look at the data in grade 8, the boys are not taller at all. 
In fact, they are shorter as the years progress.” With Solution 4, the entire data 
set is considered, as can be expected with a comprehensive solution. To come 
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to this conclusion, tools such as line graphs may be used to verify hypotheses. 
At least 12 separate line graphs need to be created (grades 2, 4, 6, 8, 10, and 
12 for boys and for girls). 

Solution 5 
Solution 5 is the most sophisticated because problem solvers use line 

graphs and apply the concept of statistical signifcance to the solution. In so 
doing, they consider issues such as power, taking into consideration the num-
ber of respective boys and girls. Te numbers of boys and girls have increased 
as the years progress because at the start of the problem (Class of 2010), the 
school had just opened. Consequently, a diference (gain or loss) in height 
with a greater number of students may suggest a legitimate change because 
with greater numbers of students, the data should be normalizing, or heading 
in the direction of the arithmetic mean. With a greater number of students, 
the height data should refect that of national data, given the law of large num-
bers. With this conclusion, simply using line graphs to track trends may not 
be sufcient, because due to the issue of power—the actual height data when 
considered in relation to the number of participants included in the data—a 
more dependable generalization or mathematical model has been reached. Te 
best mathematical models are sufciently sophisticated, but easily interpreted, 
and can be used in similar situations to interpret a relatively similar set of data. 
Solution 5 has potential to work in varied situations. 

Instructor Questions 
Facilitators must understand that MEAs are designed with many specifc 

qualities that enable desirable processes such as diferentiating, mathemati-
cal modeling in an autonomous manner, higher order thinking, and prob-
lem solvers engaging in multiple iterations in an attempt to identify the most 
refned solution available (Lesh et al., 2000). In many situations, teacher inter-
vention can undermine MEAs. Consequently, teachers must serve as a meta-
cognitive coach (Chamberlin & Moon, 2005), during the implementation 
process. Several things must be done to serve as a metacognitive coach, the 
most important of which is to pose questions in an attempt to guide students’ 
thinking. To that end, it is generally the case that teachers who create a list of 
questions prior to the activity pose the best questions of any constituent. Te 
means by which to generate a robust list of questions is by solving the problem 
(repeatedly) prior to administering it. 

Tis section provides a list of questions that may be used to help direct or 
guide the thinking of problem solvers. Students are responsible for creating 
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their own mathematical models in an autonomous manner, and teacher ques-
tions can enhance the likelihood of success. 
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1. Given what you know about basketball, why would height be import-
ant to Coach Foster? 

2. Do you see any pattern in the data at any point and could the number 
of data points afect such patterns? 

3. Is there a way that you can alter your solution to work in situations 
other than this one? 

4. Can everyone in your group explain how you got this solution? 
5. What evidence do you have that the boys’/girls’ height is changing? 
6. Is it possible for the height of the boys/girls to get taller as the years 

progress (i.e., with each graduating class)? If so, how can this happen? 
7. Is it possible for the height of the boys/girls to get smaller as the years 

progress (i.e., as the students progress from grade 2 to 12)? If so, how 
can this happen? (Note: If students do not recognize this phenomenon, 
point to grades 8–10 (girls) in the graduating classes of 2010 and 2016. 
Tis is a bit of statistical anomaly, but it can happen due to various 
reasons.) 

8. Are there periods in which the boys or girls are taller than their coun-
terparts (girls or boys) and the pattern is reversed? Why might this 
happen? 

9. Why do you think the data tables have the number of people at the 
bottom of the data table (e.g., Table 1 shows that data was collected 
from 183 boys and 140 girls)? Does the diference, or percentage of 
girls relative to boys, have anything to do with the data set? 

10. Is the population of the school changing? If so, why is it changing? 
11. What is an arithmetic mean (i.e., how is it computed)? Why do you 

suppose the data are presented as arithmetic means, instead of some-
thing else like a median or mode? 

12. How do you compute an arithmetic mean? 
13. Would having the range of students’ heights help you create a solution? 
14. Is there a consistent diference in between the girls’ and boys’ heights? 
15. Can you tell me anything about the rate of change in the boys’ and 

girls’ heights in grades 2 through 12? 
16. Did you compare the data horizontally and vertically? Tat is to say, 

did you compare each gender’s data over years and did you compare 
them as the years progressed within one graduating class? 
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Notes on Implementation 
Te quality of problem solvers’ models will generally improve with increased 

experience in solving MEAs. Te frst models they create are not often highly 
refned models. Te improvement from the frst to the second problem can 
often be quite dramatic. By the third, the solutions will likely become quite 
sophisticated. Keep in mind that facilitators often underestimate what problem 
solvers are capable of creating when left to their own line of thinking. Allow 
students to work somewhat autonomously on MEAs, inconspicuously observ-
ing solutions. If students see a teacher meander in their direction, they may 
halt progress on the creation of the solution in deference to the teacher and the 
teacher’s comments. Tis is counterproductive. 

In this section, some commentary is provided on each question to help 
teachers identify situations in which the questions may be used. With Question 
2, teachers should note that any problem that deals with trends pertains to 
identifying a pattern. Notice the number of data points (i.e., participants on 
which data was collected) is hinted at to suggest to problem solvers that this is 
an important concept in probability. Teachers are encouraged to use terminol-
ogy that is not ambiguous, but that does not give away answers blatantly. For 
example, if a teacher uses the terms trend or law of large and small numbers, they 
may provide insight to one group to formally use such terminology. Asking 
problem solvers if they have identifed a pattern is along the lines of a trend, 
but not as obvious a suggestion. Similarly, suggesting that the number of data 
points may afect the data is also subtle, but not too leading. As a follow-up 
point in all activities, teachers should be careful to avoid direct suggestions and 
such hints should be replaced with questions. In some instances, questions are 
hints, but helping students make sense of mathematics on their own is a pri-
mary objective of doing MEAs (Lesh et al., 2000). 

Asking for direct evidence (i.e., from the data) is a formal manner in which 
to demand that problem solvers give proof of their model or claims as they 
are assembling their mathematical model. Question 5 is designed to place the 
expectation on students of giving actual data to substantiate claims. It is also 
designed to start problem solvers thinking about a concept called signifcant 
diference. In short, data may suggest that a relatively minor diference exists in 
the data, but problem solvers should question whether the identifed diference 
really makes any practical sense. For example, in Table 2, boys’ height changes 
from 69.2 inches to 69.4 inches. Problem solvers should ask themselves if .2 
of an inch is really a practical diference, especially among 165 boys, relative to 
earlier data that did not have many data points. Sometimes, directing problem 
solvers’ attention to prospectively anomalous situations is enough to help them 
reconsider whether their mathematical model makes sense. For instance, three 
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scenarios could occur from year to year in the data tables. First, students could 
get larger from the previous year to the current year. Second, their height could 
stay the same. Tird, the students could actually get smaller than they were 
at the previous data point. Tis is the focus of Question 7. In Tables 3 and 5 
(grade 8 girls), the overall height is 63.6 inches. By grade 10, their height is still 
63.6 inches. Tis also happens in Table 6 with respective heights of 63.7 and 
63.7. Tis does not seem possible, but it may be a result of a small n (number 
of data points, students). Even more confusing is the example in Tables 1 and 
7, when the overall height of girls goes down .2 and .3 respectively. Tis would 
appear to be a statistical anomaly, but in fact, it could happen with some trans-
fers, high school dropouts, and/or any other means by which tall girls have 
been eliminated or replaced altogether with much shorter girls. Anomalous 
changes in data are also more likely with small data sets than they are with large 
data sets, hence the term and focus on law of large and small numbers. 

Question 8 brings students’ attention to the fact that fuctuations may 
occur and may pertain to maturation issues and again the size of the data set(s). 
Question 9 aims to get students to consider power in data and probability (i.e., 
whenever changes occur in the data, it should be analyzed in light of the num-
ber [n] in the sample). Rather large changes in a huge sample are considered 
very powerful. Small changes in a large sample are often signifcant (statistically 
speaking) or of note practically speaking. Large changes in the data with small 
samples may be the result of a few fuctuations that dramatically change the 
data set and are often not of any power. Very small changes in a data set that is 
also very small are not of statistical power. Students need not be held account-
able for ascertaining power with pinpoint accuracy, but having a notion of the 
concept is helpful to students in later years. Tis discussion of power brings up 
the notion of the law of large numbers and the law of small numbers. In short, 
the law of large numbers suggests that the greater the number of data points, 
the more the expected and actual data merge. As more and more trials, or data 
points exist, the more the actual data start to represent what should theoret-
ically happen. Some suggest that the data are starting to stabilize, relative to 
very small data sets. Te opposite is true with the law of small numbers. With 
this phenomenon, data sets are perhaps not inclined to behave normally or they 
may not represent what should actually happen. Te data set for this problem 
was adapted and made to look like actual averages for the respective ages. As 
an example of the law of small numbers, if the n was more like 10 students, 
the data may look dramatically diferent. It may be possible, for example, to 
have the average height of grade 12 students be 80 inches or 62 inches because 
unpredictable things happen with data that have very small sets. However, 
with very large sets, the data have what some have called regression toward the 
mean, or they start to seem like they should. Incidentally, Question 10 asks 
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problem solvers to consider power of the data as well as law of large and small 
numbers, by asking students to investigate the population of the school. 

Questions 11–13 focus on one measure of central tendency (arithmetic 
mean) and measures of spread (range). Note that if questions pertain to specifc 
data and statistical procedures, they might send problem solvers toward using 
the same procedures to create their solution. 

Question 14 aims to direct students’ thoughts to diferences in data sets and 
diferences within a data set. Problem solvers are asked to look at change and 
the rate at which it happens in an attempt to make sense of the data. Question 
15 is similar, but it has been posed in slightly more sophisticated terminology. 

Question 16 is broad and asks problem solvers to look at data horizon-
tally (i.e., within a graduating class from grade to grade) and vertically (by 
comparing each grade individually for each graduating class). Tis is a sophis-
ticated manner in which to look at the data from two diferent approaches in 
an attempt to get problem solvers to make sense of the data and to justify their 
solutions and mathematical models. T

he B
asketball P
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The Basketball Problem 

It is a January Friday night in Elkhart, 
IN, and that means one thing for almost 
the entire city—high school basketball. 
Elkhart is home to some of the top teams 

in the state of Indiana. With schools such as 
Elkhart Memorial, Elkhart Central, Concord, 

Jimtown, and Elkhart Baptist, the city is replete with 
champions for many decades. Coupled with schools in the 

outlying area, such as South Bend, the northern Indiana area is one of the 
hotbeds in the country for high school basketball. Concord High School, 
led by former NBA all-star Shawn Kemp, played in the state fnal game for 
several years and Jimtown won the state’s 2A championship in 2004. Other 
schools, such as Central and Memorial, have had their time in the spotlight 
as the city’s best of the best. A new school has recently arrived as a member 
of the city’s elite group of high school basketball teams. Elkhart Technical 
Institute, originally opened as a STEM magnet school to attract the top 
mathematics, science, engineering, and technical students in the area, has 
emerged as the best team in the past several years. 

Coach Foster, the head of the men’s basketball program since the school 
opened in 2010, is interested in learning about youth coming into his pro-
gram. He is hoping that the school is able to maintain the trend of iden-
tifying several players at least 6' 9" tall. Tree boys and four girls from 
Tech have made it to the professional ranks. Foster is interested in looking 
at some data to see if the average height of students at Tech difers from 
that of other schools. To begin, he has secured anthropometric data (i.e., 
fgures about people’s body dimensions) from 
the Tech Data Centre. He is hoping to 
learn that the average height is greater 
at Tech than it is at other schools in the 
metropolitan area. 
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Name:__________________________________________________________________________________

Readiness Questions 

1. Who is the head boys’ basketball coach at Elkhart Tech? 

2. Why is learning about height important to the head boys’ basketball 
coach at Tech? 

3. Are the girls or boys generally taller at Tech? 

4. Name another team in the Elkhart metropolitan area. 

5. Does having a certain height in basketball provide an advantage over 
other heights? 
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Data Table 

Table 1: Height Data (Class of 2016) 

Grade 2 Grade 4 Grade 6 Grade 8 Grade 10 Grade 12 
Boys 51.8 55.9 60.3 66.0 69.0 72.0 
Girls 51.5 56.6 61.7 64.1 63.8 64.3 
n = 201 boys, n = 186 girls 

Table 2: Height Data (Class of 2015) 

Grade 2 Grade 4 Grade 6 Grade 8 Grade 10 Grade 12 
Boys 51.6 55.9 60.0 65.9 69.2 69.4 
Girls 51.6 57.0 61.2 63.9 64.0 64.4 
n = 179 boys, n = 142 girls 

Table 3: Height Data (Class of 2014) 

Grade 2 Grade 4 Grade 6 Grade 8 Grade 10 Grade 12 
Boys 51.8 56.1 60.2 66.5 69.2 70.0 
Girls 51.3 56.8 61.8 63.6 63.6 64.0 
n = 168 boys, n = 142 girls 

Table 4: Height Data (Class of 2013) 

Grade 2 Grade 4 Grade 6 Grade 8 Grade 10 Grade 12 
Boys 51.7 56.1 60.5 66.6 69.2 69.8 
Girls 51.4 56.8 61.7 63.8 63.9 64.1 
n = 94 boys, n = 101 girls 
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Te Basketball Problem: Data Table, continued 

Table 5: Height Data (Class of 2012) 

Grade 2 Grade 4 Grade 6 Grade 8 Grade 10 Grade 12 
Boys 51.8 56.1 60.6 66.6 69.0 69.9 
Girls 51.3 56.7 61.7 63.6 63.6 64.0 
n= 47 boys, n= 52 girls 

Table 6: Height Data (Class of 2011) 

Grade 2 Grade 4 Grade 6 Grade 8 Grade 10 Grade 12 
Boys 51.5 56.0 60.4 66.6 68.7 69.4 
Girls 51.5 56.8 61.8 63.7 63.7 64.2 
n = 34 boys, n = 39 girls 

Table 7: Height Data (Class of 2010) 

Grade 2 Grade 4 Grade 6 Grade 8 Grade 10 Grade 12 
Boys 51.7 56.1 60.4 66.7 69.1 69.6 
Girls 51.5 56.9 61.7 63.7 63.5 64.2 
n = 27 boys, n = 28 girls 

Note. Data are arithmetic means. Te number 51.5 refects a height of 51 1/2 inches. 
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Name:__________________________________________________________________________________

Problem Statement 

Listed in Tables 1–7 is data on boys’ and girls’ heights from 
graduating classes in years 2010–2016 at Elkhart Technical 
Institute. Predict students’ height for the class of 2017 for boys 
and girls. Write a letter to Coach Foster explaining how you 
explained the data and how your explanation could be used for 
predicting future graduating class heights. 
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Chapter 4 
Empirical and 

Theoretical Probability 
The Mathematics 

Fair Problem 

TTe focus of Chapter 4 is empirical and theoretical probability with a sec-
ondary emphasis on statistical signifcance. Given that an MEA cannot be 
produced on theoretical and empirical probability alone, as they are mostly 
terminology in the feld of probability, the concept for this MEA needed to 
be expanded to include signifcant diference. Te underlying principle in sta-
tistical signifcance is to look at two data sets to ascertain whether they are 
similar enough that there is no statistical signifcance or if the sets are disparate 
enough that statistical signifcance has been reached. Included in the discussion 
of whether the two data sets are statistically diferent from one another are sev-
eral factors including: the size of each data set, the power (the probability that 
the test run actually shows a diference), and the precision of the assessment 
instrument. What does that mean in practicality? 

If a big diference exists in two data sets with a large number of data points, 
then it is almost certain that statistical signifcance exists because of the power 
of the statistical analysis. If a large diference exists in two small data sets or a 
small diference exists in two large data sets, then a formal statistical test must 
be run to ascertain statistical signifcance. If a very small diference exists in two 
very small data sets, then statistical signifcance is not generally reached (see 
Figure 4.1). Advanced statisticians and probability experts can often predict 
whether statistical signifcance was reached with great accuracy because of their 
familiarity with data sets, although occasionally formal statistical procedures 
must be run. More novice individuals often enlist the help of software. 
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Large Data Set  
(e.g., n > 500) 

Small Data Set  
(e.g., n < 50) 

Large Diference  
in Data Set  

(e.g., SD = 1.5) 

Almost always a 
signifcant diference 

Possibly statistically 
signifcant 

Small Diference  
in Data Set  

(e.g., SD = .2) 

Possibly statistically 
signifcant 

Almost never a 
signifcant diference 

Figure 4.1. Statistical signifcance according to data set size and diference. 
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Te fnal component in statistical signifcance is the confdence level at 
which one wants to determine if a statistically signifcant diference exists. If 
the test is run at a 99.5% confdence interval, then it is harder to fnd signif-
icance than if it is at a 90% confdence interval because the test at 99.5% is 
almost 100% certainty instead of a 9 out of 10 (90%) confdence interval. 

Te intent of this MEA is not to get young learners to conduct statistical 
analysis with software. Instead, it is to get them to understand the general con-
cept of statistical signifcance when comparing theoretical probability (what is 
supposed to happen) with empirical probability (what actually did happen). 
Teoretical probability is often determined by looking at endless (enormous) 
data sets or by computing it based on what is supposed to happen. Te classic 
empirical data discussion involves the use of a die. When a fair die is rolled, 
there is a perfect one in six chance that any one of the numbers will be rolled. 
Tat is to say, there is a one in six chance of rolling a 1, 2, 3, 4, 5, or 6. What 
actually happens when a die is rolled a thousand times is called the empirical 
probability. 

In this chapter, a fair die is used, but it is not the typical die with six sides. 
Instead, this die has 12 sides. In this MEA, Bruce Gingerich must analyze what 
actually happens when he rolls a 12-sided die relative to what should happen 
probabilistically. 

Links to Standards 
Like all good MEAs, the Mathematics Fair Problem links to the CCSS-M 

and the National Council of Teachers of Mathematics (NCTM, 2000) 
Principles and Standards for School Mathematics. Given that the target audience 
for this book is advanced fourth- to sixth-grade students, although the MEAs 
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have applications up to and including high school students, it is not surprising 
that this activity spans standards in several grade levels. However, not all prob-
lem solvers will solve the problem using the same solutions so not all standards 
apply to every group. Instead, standards listed pertain to the spectrum of pro-
spective responses. 

Regarding the CCSS-M, the Mathematics Fair Problem covers the stan-
dard, summarize and describe distributions. Although this problem is not 
one in which problem solvers are asked to investigate the distribution of the 
listed data set (actual die rolls) relative to the expected or theoretical data set 
in which each number, 1–12, should have approximately 83 rolls, the distri-
bution could be used by some groups to solve the problem. In grade 7, groups 
will likely meet two standards: draw informal comparative inferences about 
two populations (or in this case, data sets) and investigate chance processes and 
develop, use, and evaluate probability models. Te theoretical probability, or 
expected values, could be considered a probability model. In grade 8, problem 
solvers will likely investigate patterns of association in bivariate data. In high 
school, models that are more sophisticated can be created and increasingly 
complex standards can be met. For instance, some problem solvers will calcu-
late expected values and use terms to solve problems. Secondarily, some groups 
may use probability to evaluate outcomes of decisions. 

In the NCTM standards, grades 6–8 standards are met when students 
design studies to compare data. In grades 3–5, problem solvers will most likely 
describe important features of a data set and potentially compare diferent rep-
resentations of the same data set in an attempt to identify diferences. Possibly, 
in grades 9–12, problem solvers will calculate summary statistics to investigate 
diferences in data. Tis may be done by analyzing the distribution of data. 

Potential Student Responses 
Student responses for the Mathematics Fair Problem may not be as varied 

as they are for other MEAs in this book, but there are several possible models. 
When the two data sets are mentioned in this chapter, it is assumed that 

the frst data set is what actually happened (the one presented) and the sec-
ond data set is the expected values, also called the theoretical probability. Te 
theoretical probability for this data set, assuming equiprobability (Erlebach 
& Vélez, 1981) for each roll, is the expected value of each data point. Tis 
is sophisticated statistics and probability jargon to explain that each number, 
1–12, should theoretically have exactly the same number of rolls. In this case, 
each number should have precisely 83.33 rolls because 1,000 divided by 12 is 
83.33. (Note: When 83.33 is used in this chapter, it is assumed that the decimal 
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is a repeating one.) Certainly, one cannot have one-third of a roll, so the 83.33 
is an exact number that needs to be interpreted by problem solvers in relation 
to the actual number of rolls per number. What actually happened is referred 
to as the empirical probability. In this problem, the objective is for problem 
solvers to compare the empirical (what actually happened) probability to the 
theoretical (what is supposed to happen) probability. Te objective, specifed 
in the problem statement, is to see if a big (a term used in lieu of statistical 
signifcance) diference exists. 

Solution 1 
Solution 1 entails calculating the theoretical probability (or expected val-

ues) so that the actual (empirical) data can be compared to it. With entry-level 
mathematical models, it might be common for a group to not have a compre-
hensively feshed out comparison method. Highly advanced statisticians might 
use a process such as a t-test or an ANOVA (Analysis of Variance). It is not 
logical to think that fourth- to sixth-grade students could conduct, let alone 
interpret, such results. In most cases, they do not have access to software with 
such capabilities. Moreover, the notion behind creating early mathematical 
models is to get modelers to make sense of mathematical information (in this 
case, the comparison of two data sets). It is also important to remember that 
fguring out what the second data set, the theoretical probability, is should be 
considered an accomplishment. With the frst mathematical model, a group 
may simply “eyeball” or approximate the empirical and theoretical probability 
of the two sets without a particularly sophisticated method to conduct the 
analysis. Responses may range from, “Tere is a big diference” to, “Te two 
data sets seem pretty similar.” 

Solution 2 
For Solution 2, the mathematical model provided is to plot the expected 

values (theoretical probability) relative to the actual values (empirical proba-
bility). If done well, problem solvers may realize that a line of best ft can be 
made of the theoretical data and that line should be a straight line running 
in a horizontal direction at 83.33. Te actual data then can be superimposed 
over the theoretical probability as a line, column, or bar graph. Te line graph 
would look something like Figure 4.2. 
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Figure 4.2. Actual versus expected values. 

Note that the scale of graphs can sometimes make interpretation challeng-
ing. In other words, if the graph had been made larger, then the diference in 
the two data sets may appear much larger than it is in this graph. Problem 
solvers must, therefore, take important steps to look at the actual diference in 
data points, rather than just relying on a graph. 

Solution 3 
Another approach, which is very similar to Solution 2, is to look at the 

numbers for each roll and to see how far each data point deviates from the 
expected values (83.33 for each roll). To do this, expected values must be com-
puted to see how far each data point strays from it. For data point 1, or rolling 
the number 1 on a die, the diference if rounded is 3 (not much). Te difer-
ence with other data points is considerable at times. Using a chart to analyze 
the diference in the two data sets might look something like Figure 4.3 
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Number on 
Die 

Number of  
Actual Rolls 

Expected Value 
or Teoretical 

Probability 

Diference in the 
Two Data Sets, When 

Rounded to 83 

1 80 83.33 3 
2 90 83.33 7 
3 85 83.33 2 
4 102 83.33 19 
5 75 83.33 8 
6 76 83.33 7 
7 93 83.33 10 
8 78 83.33 5 
9 94 83.33 11 

10 73 83.33 10 
11 87 83.33 4 
12 67 83.33 16 

Total Number 
of Rolls 1,000 

Figure 4.3. Sample chart to analyze the diference in the two data sets. 

Te question remains, is the diference signifcant (or major) between the 
two data sets or did the empirical probability mimic the theoretical probability 
quite closely? Groups must decide to ascertain whether or not diferences with 
a range of 2–19 are signifcant. It appears as though the rolls behaved or came 
out extremely close to the expected values in this data set and an actual t-test or 
ANOVA would have to be used to ascertain whether signifcance was reached. 
Grappling with the notion of signifcance (although not used in the problem 
statement and it should not be used by teachers using the Mathematics Fair 
Problem) is something that is complex even for somewhat advanced mathe-
maticians. In the end, statisticians can pinpoint signifcance with some degree 
of accuracy when diferences are minute or extreme. However, as Solutions 2 
and 3 suggest, when comparing the two data sets, there does not appear to be a 
noticeable diference. In any event, problem solvers should provide a rationale 
for why they think signifcance has or has not been reached. Solution 3 is really 
a diferent mathematical representation than Solution 2. 

Solution 4 
Solution 4 is essentially a conglomeration of Solutions 2 and 3. Problem 

solvers look at the data in table form and in graph form. Using both represen-
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tations (graph and table form), many problem solvers sort the data into three 
categories: data points that deviate considerably from the expected value, data 
points that difer moderately from the expected value, and data points that 
align almost perfectly with the expected value. Still, problem solvers need to 
identify which points deviate considerably, moderately, and minimally. Groups 
generally look at double-digit diferences as considerable because even a devia-
tion of 10, relative to 83 for an expected value, is a 12% diference. Moderate 
diferences may be defned diferently from group to group and small difer-
ences are often ones within 5 percentage points of the theoretical probability 
(or expected value). When rolls with diferences as high as 19 and 16 exist, the 
percent change from the expected value is 23% and 19%, respectively. Some 
groups creating a mathematical model have been known to add a ffth and 
sixth column to the chart in Figure 4.3 (shown in Figure 4.4). 

Number 
on Die 

Number of 
Actual Rolls 

Expected 
Value or 

Teoretical 
Probability 

Diference in 
the Two Data 
Sets, When 

Rounded to 83 

Percentage (%) 
Diference in 
the Two Roll 

Values Diference 

1 80 83.33 3 3.6 Small 
2 90 83.33 7 8.4 Moderate 
3 85 83.33 2 2.4 Small 
4 102 83.33 19 22.8 Large 
5 75 83.33 8 9.6 Large 
6 76 83.33 7 8.4 Moderate 
7 93 83.33 10 12.0 Large 
8 78 83.33 5 6.0 Moderate 
9 94 83.33 11 13.2 Large 

10 73 83.33 10 12.0 Large 
11 87 83.33 4 4.8 Small 
12 67 83.33 16 19.2 Large 

Total 
Number 
of Rolls 

1,000 
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*Note, the percentage diference in the two rolls is computed by dividing column four (numer-
ator) by column three (denominator). In so doing, a decimal is attained and this is refected as a 
percent.  

Figure 4.4. Sample chart to analyze the diference in the two data sets including 
diference and percentage diference. 
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When analyzing the data with this approach, it may appear as though the 
diference is somewhat dramatic, which may lead problem solvers to consider 
the diference signifcant. Other solutions may not deem the statistical difer-
ence signifcant, but this perspective is diferent from those previously provided. 

Solution 5 
In this solution, problem solvers look at the median value for all rolls in 

the expected value or theoretical probability column. Using a 12-sided die, 
each group sees that the median in the range of numbers: 1, 2, 3, 4, 5, 6, 7, 
8, 9, 10, 11, and 12 is 6.5 because it is at the intersection of 6 and 7. With 
the series of numbers presented in the actual data, the median would also be 
6.5. However, the median is not sufcient to analyze the distribution of actual 
data relative to the expected values. Tus, a weighted average may supplement 
the median analysis. To identify a weighted average, the arithmetic mean of 
each data set (i.e., the theoretical probability and the empirical probability) 
must be computed. For the theoretical probability, which indicates that each 
number should theoretically have exactly the same number of rolls per number, 
the arithmetic mean is 6.5 (the same as the median). However, when the the-
oretical arithmetic mean, 6.5, is compared to the actual weighted mean, the 
diference becomes somewhat noticeable. Te arithmetic mean of the actual 
data is 6.366, which does not seem to be a big diference from 6.5. In fact, the 
arithmetic diference is only .134 over 1,000 trials. It is important to remember 
at this point that although .134 may seem to be a small number, it is the difer-
ence over 1,000 trials. Consequently, it may be a signifcant diference. Tis is 
the point at which each group must render a decision about what constitutes a 
signifcant diference, given such a large number of trials. 

Solution 6 
Computing the standard deviation is another approach to looking at the 

diference in the two data sets. It is important to note the purpose of using the 
standard deviation and what the standard deviation represents. Most problem 
solvers in grades 4–6 will not use the standard deviation because it has not yet 
been introduced. However, in the event a group chooses to use it, they must 
be able to interpret it in their mathematical model. Conceptually speaking, the 
standard deviation represents the spread of the data. It has already been deter-
mined that with the theoretical probability or expected values, the distribution 
should come out to be a perfect 83.33 for each possible number that can be 
rolled. In short, numbers 1–12 on the die should theoretically have 83.33 
rolls of a possible 1,000. Consequently, the standard deviation is a perfect zero 
because there is no deviation in any of the data. Creating a line of best ft would 
be incredibly simplistic with this data set because it would resemble a perfectly 
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straight, horizontal line. Creating a line of best ft with the actual or empirical 
probability data set would not be quite as simplistic, but not beyond the scope 
of what students in grades 4–9 are capable. Moreover, the standard deviation 
is approximately 10, depending on whether the sample or population standard 
deviation formula is used (10.24 for the sample and 9.80 for the population 
standard deviation). Te distinction in the two types of standard deviation is 
not of consequence for this problem. Instead, realizing that the standard devi-
ation diference in the two data sets is 10 becomes important in rendering a 
decision on statistical signifcance. Most groups will suggest that the two data 
sets are in fact statistically signifcant or realize a very large diference when 
compared. 

Instructor Questions 
Several questions are germane to this problem. Tey are listed below. As 

with the recommendation that all MEAs should be solved by facilitators in as 
many ways as possible prior to implementation, it also is important to preview 
the questions to see when they should be used. For instance, certain questions 
should not precede others so some element of timing is necessary to consider 
when using the questions. 

1. How do you compute the prospective probability of an event happening? 
2. Two data sets are listed in the problem statement, but only one exists. 

What are the two data sets? 
3. Which data set is presented (the one that is supposed to happen or the 

one that did happen) in the problem? 
4. How do you fnd or determine the other data set? 
5. How have you defned “similar” in terms of the two data sets? 
6. How have you defned “quite diferent” in the two data sets? 
7. How can you determine what the “desired” data set will be using a 

12-sided die? 
8. What process(es) have you used to analyze the two data sets? 
9. Do you see any pattern in the data set provided? 

10. Is there a pattern in the data set that you had to create? 
11. Are there data points that you consider quite diferent from those in 

the created data set (or what is supposed to happen)? 
12. What mathematical or statistical tools have you already used in analyz-

ing the data? 
13. What mathematical or statistical procedures have you used in analyz-

ing the data? 
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14. Did you determine what values might be “too far” from the created 
data set prior to conducting the analysis? 

15. Do you think there is any reason why certain numbers were rolled 
more than others? 

16. Do you think there is any reason why certain numbers were rolled less 
than others? 

17. Why would there be variation in the numbers rolled? 
18. Did you round your expected values (theoretical probability data 

points) because you may always have gotten whole numbers? 
19. Did you test your mathematical model? If so, is there anything that 

you could do to it in an attempt to make it more comprehensive than 
it now is? 

Notes on Implementation 
As with all MEAs, facilitators should not give away important information 

in the solution process. Tey should serve as metacognitive coaches in respond-
ing to student questions. Problem solvers should be reminded that MEAs such 
as this one can be very powerful in helping learners externalize their thinking. 
For instance, several learners may be struggling with the concept of theoretical 
and empirical probability and engaging in this activity might help them clarify 
their reasoning due to application. Remember that technical jargon is purpose-
fully not used in this problem and must be avoided, unless already introduced 
in previous learning episodes. MEAs are not opportunities to introduce formal 
mathematical or statistical jargon, with perhaps the exception of the debriefng 
period at the end of the activity. 

Question 1 is general and focuses problem solvers on the process of quan-
tifying probability. Tis is a necessary question for groups that are struggling 
to identify the theoretical probability, which is the same as the expected values 
for each data point (1–12). 

Questions 2 and 3 are designed to help problem solvers identify which data 
set they have (empirical or what actually happened) relative to what data set 
they do not have (what was theoretically supposed to happen). Ideally, problem 
solvers will realize that they need to compute the theoretical probability, which 
happens to be expected values. Problem solvers should then realize that each 
number on the die, if the results come out perfectly as predicted, should result 
in 83.33 rolls each. 

Question 4 is open-ended and designed to help students investigate what 
their approach could be in identifying the actual numbers that comprise the 
theoretical probability. Hopefully, they will realize that each (roll) value should 
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come out to be the same. If/when they make that realization, they should be 
able to quickly come up with the solution that a 12-sided die with 1,000 rolls 
should result in 83.33 rolls per number (note the .33 is the repeating decimal 
.33, not .330). 

Questions 5 and 6 are intended to help problem solvers operationally defne 
what constitutes the terms similar and quite diferent. As expressed earlier in 
the chapter, a main objective of this MEA is to get problem solvers to deter-
mine what constitutes a signifcant diference in two data sets. In this MEA, 
the concepts of theoretical and empirical probability were used for groups to 
compare. Groups are asked to quantify a somewhat nebulous concept in iden-
tifying whether a signifcant diference existed or not. Tis is a prime example 
of not using formal statistical jargon (statistical signifcance) because it would 
likely not resonate with upper elementary students. 

Question 7 investigates what procedure problem solvers used to identify 
the theoretical probability in case Question 4 seems too broad. Problem solvers 
may not provide specifcs regarding the procedure on identifying the actual 
mechanics on theoretical probability for this data set. With Questions 4 and 7, 
problem solvers should be capable of creating the theoretical probability. 

Question 8 pulls problem solvers away from simply the theoretical proba-
bility in an attempt to investigate the procedure used to compare the two data 
sets. Tis is a rather open-ended question and facilitators may be faced with the 
prospect of posing another, more direct, question to individual groups. At the 
heart of Question 8 is: What are you going to do (what process are you going 
to use) when you compare the two groups? 

Question 9 should be answered with a “no” by problem solvers. Tere is 
not a pattern in the provided data set, other than that the fnal seven numerals 
(6–12) alternate perfectly from below, above, below, above, below, above, and 
below the expected values. Tis was simply happenstance in the way the data 
occurred. 

Question 10, on the other hand, has no real pattern, per se, as the data 
should all be the same for each roll (83.33). Some may consider that a consis-
tent pattern, while others will not consider it a pattern because there is no vari-
ation in the numbers. Te response to question 10 is contingent upon how one 
defnes a pattern. Tis is another question that can be used (i.e., what consti-
tutes a pattern?) in the data. It may be best not to dwell on Questions 9 and 10, 
as patterns are not relevant to the problem. Simply asking such questions may 
help them realize that patterns will not work as a heuristic to solve this MEA. 

Question 11 focuses problem solvers’ attention on somewhat abnormal 
data (either very high or very low). Presumably, data point 4 is most noticeable 
to problem solvers because it is the only triple digit result. Even though the 
number of rolls for number 4 (102) is close to data for numbers 7 and 9 (93 

CHAPTER 4 

T
he M

athem
atics F

air P
roblem

 

69 



  

 

and 94 respectively), the triple digit is very noticeable to most problem solvers. 
In fact, 102 is only 21 rolls away from the expected value. Roll number 12 is 
almost as far away from the expected value, 16 with 67 total rolls, as is roll 
number 4 (102). 

Questions 12 and 13 may seem identical on the surface, but are slightly 
diferent. Question 12 focuses on a broader topic than just mathematical or 
statistical procedures. Tools may be defned in various manners such as physical 
or mental. Mathematical or statistical procedures are related, but are a much 
more specifc category of an approach. Procedures may imply something like 
using measure of spread, central tendency, variability, or a line of best ft. 

In considering the aforementioned statistical procedures, Question 14 
leads problem solvers to quantify what constitutes “far enough” away from 
the expected value to earn consideration as a prospective data point that is 
signifcantly diferent than the expected value. Again, data points (rolls) 4 and 
12 are perhaps the most noticeable in the data set. Te challenge in identifying 
statistical signifcance is to look at the entire data set and see if it varies enough 
as a whole, rather than just looking at certain data points. 

Questions 15 and 16 pertain to why the data set may appear as it does. In 
the respective questions, problem solvers are asked if there is a reason why some 
numbers were rolled more or less than others. It is hoped that problem solvers 
will realize that the rolls occurred as they did simply due to happenstance. Tat 
is to say, data points that align well with expected values or deviate from them 
considerably were just due to chance. If the same trial was performed again, 
there is no reason to believe that the number 4 would have more than 100 rolls. 

Question 17 focuses problem solvers’ attention on the fact that there is 
some variation in the numbers rolled, but again this is a follow-up to Questions 
15 and 16. Problem solvers should realize that the expected values, or theoret-
ical probability, is what should happen, but those events transpiring perfectly 
is a statistical impossibility if calculated due to the decimal in expected values. 
Very wise problem solvers may realize that sometimes expected values cannot 
actually transpire. 

Question 18 asks what problem solvers would do with the number 83.33 
because they cannot actually get a fraction of a roll. Problem solvers may need 
to be reminded that the expected values are just that, values that one can expect 
to get if the problem is solved theoretically. However, with actual rolls, prob-
lem solvers will need to realize that there will be a discrepancy in the two data 
sets given whole numbers in one set and decimals in another. 

Question 19 is somewhat generic and intended to get problem solvers to 
test their mathematical data with the sets and to inquire as to whether their 
mathematical model would work with another data set that may or may not 
be similar to those presented here (i.e., theoretical and empirical probability). 
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Te intent of the questions is to help problem solvers make sense of pur-
posefully confusing concepts in probability, statistics, and mathematics. At the 
end of the activity, it is hoped that problem solvers will gain familiarity with 
concepts such as empirical probability, theoretical probability, expected values, 
outliers, line of best ft, and statistical signifcance. 
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The Mathematics Fair Problem 

Bruce Gingerich is a sixth grader at Ulysses S. Grant 
Middle School. Each year, the school has a mathematics fair. 
At the fair, mathematics is defned as anything related to 
algebra, geometry, number theory, statistics, or probability. 
One day in mathematics class, Bruce had some free time 
because he fnished his homework early. He was contem-
plating what to do for his mathematics fair project, as most of 
his friends had already decided on a topic. After wandering around 
math centers for several minutes, he ended up at the probability center and 
realized that his true passion in mathematics was in probability. Although 
he realized that he wanted to do a project in probability, he was still in need 
of a concept to study. While perusing items at the center, he saw the typical 
probability items such as spinners, playing cards, and coins. When he saw 
the nonstandard dice, he realized he could create a project in probability. 

For his project, Bruce found a die that had 12 sides instead of 6, like 
most dice do. Bruce found that if he rolled the die, he kept coming up with 
some numbers repeatedly, but other numbers not as often. For example, 
after he rolled the die 50 times, the numbers that he rolled more often than 
others were 3, 6, and 9. However, 4, 7, and 10 were not rolled very often. 
Initially, he wondered if it had something to do with the fact that each series 
of numbers was 3 apart from one another. After some reading in a textbook 
and online, he realized that this reasoning was probably not logical, but it 
did help him formulate his idea for the mathematics fair. To him, it seemed 
that if a die was fair, meaning one had an equal chance of getting any of the 
sides (numbers), then the probability of landing on any side would be the 
same. 

For his project, Bruce plans to fgure out what the probability is for each 
side, collect data on what actually happens, and compare the two data sets. 
His main issue at this point is how to compare the two data sets. He is also 
interested in having a very large data set to see if a diference exists in the 
two data sets. He has read that looking at very small data sets is not a good 
idea. 
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Name:__________________________________________________________________________________

Readiness Questions 

1. Where does Bruce attend middle school? 

2. What areas of mathematics can he explore for the mathematics fair? 

3. What is Bruce’s main area of interest? 

4. What does he plan on doing for his mathematics fair project? 

5. What is the diference in the die that Bruce plans to use for his project 
when compared to a standard die? 

6. Why would Bruce want to compare large data sets rather than small 
ones? 

7. Would the results be diferent if he compared small and large data 
sets? 
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1

2

3

4

5

6

7

8

9

10

11

12

Data Table 

Number on Die Number of Rolls 

80 

90 

85 

102 

75 

76 

93 

78 

94 

73 

87 

67 

Total Number 
of Rolls 1,000 
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Name:__________________________________________________________________________________

Problem Statement 

Bruce has an intense interest in the feld of probability and 
would like to know about how two concepts relate. He is inter-
ested in looking at things that are supposed to happen and 
things that actually do happen to monitor the diference. How 
things actually happen and how they are supposed to happen is 
represented by two data sets. As problem solvers, you need to 
fgure out how things are supposed to happen. 

In analyzing the diference in the two data sets, Bruce wants 
to know if the diference is quite big or rather small. Using the 
data provided, does the actual data set seem similar or quite 
diferent from what is supposed to happen? In a letter to Bruce, 
explain your solution. 
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Chapter 5 
Dependent and 

Independent Events 
The Volleyball 

Program Problem

OOne of the most powerful, yet elementary, concepts in probability is the 
notion of dependent and independent events. Independent events are ones in 
which the outcome of one event does not afect the outcome of the next event. 
To the contrary, dependent events are ones in which the outcome of one event 
afects the outcome of the next event. As is the case in understanding statistical 
concepts, examples often elucidate distinctions. 

Te basic instruments used in probability are often coins, cards, and dice. 
Te fipping of a fair coin is an example of an independent event in probability 
because the outcome of the last event has no impact on the outcome of the next 
event. Te same is true with the roll of a die. One can roll a 4 on a die eight 
times in a row and the probability of the next roll being a 4 is still 1 in 6 or 1/6, 
although nine consecutive same number rolls is most unlikely. Computing 
the probability of the ninth roll is diferent than computing the probability 
of nine consecutive rolls of a certain number, which would be (1/6)9. Cards, 
however, are diferent than coins and dice, contingent upon whether the cards 
in the deck are replaced. For example, if a person tries to draw a queen from a 
standard deck of 52 cards, the probability of this outcome is 1 in 13 because 
there are four queens out of 52 total cards in a standard deck. If, for instance, 
the individual drawing the cards draws a 7 on the frst draw and does not rein-
sert the 7 back into the deck, then the probability of drawing a queen the next 
time, on the second draw, is no longer 1 in 13. With 51 remaining cards and 
four remaining queens, the new probability of drawing a queen on the second 
draw is now 4 in 51, or slightly greater than 1 in 13 (which in reality is 4 in 52). 
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In this case, not replacing the seven creates a dependent event situation. If, on 
the other hand, the seven is drawn frst and replaced in the deck after the frst 
draw, then the probability of drawing a queen on the second draw remains 1 
in 13 or 4 in 52. In the case of replacing the 7, an independent event situation 
has been created. Te card-drawing scenario is arguably the most used exam-
ple in the feld of probability, along with selecting marbles of various colors 
and choosing to replace (independent events) or not replace them (dependent 
events). 

In real life, there are far more practical and important events that pertain 
to dependent and independent outcomes in probability. For example, one may 
require an emergency surgery to save one’s life, such as an appendectomy or 
some form of cancer surgery. When facing the perils of life, seldom do patients 
think to inquire about ramifcations from the surgery. Tat is, removing a sec-
tion of one’s colon may precipitate future life changes such as digestion prob-
lems. In this case, the outcome of Event A, the surgery conducted to save 
one’s life, has directly afected the probability of additional complications that 
did not exist prior to the surgery, Event B. Tis is an example of dependent 
probability. 

On the other hand, one could hire an individual for a position at a com-
pany. If the company invests little attention in the qualifcations of the indi-
vidual and then hires another individual the next day, with little attention to 
qualifcations, there is no connection between the likelihood of success for 
each worker (barring the psychological concept of social dynamics). In this 
situation, the hiring of the frst employee (Event A) has no true outcome on 
the success of the second employee hired (Event B), especially in an enormous 
company in which the two employees may not interact. In this respect, the 
events are said to be independent. 

Many misconceptions exist regarding independent and dependent events 
in probability. Perhaps the most often mentioned misconception pertains to 
the purchase of lottery tickets. Lottery ticket buyers are often known to buy 
tickets based on the past performance (frequency of winning and nonwinning 
tickets) of respective locations. Some individuals will not buy tickets at a spe-
cifc location because no individuals have recently purchased winning tickets 
and others will not buy at the same location because too many individuals 
have recently won there. Yet, in a lottery in which buyers submit numbers in 
an attempt to win, all events are truly independent. Tis means that one con-
venience store could have four or fve consecutive winners of large amounts of 
money and the probability of a winning ticket coming from the store on the 
next try is not negatively afected. Certainly, one factor that fgures into this 
equation, however, is the number of tickets purchased at each location. A store 
that has sold 1,000 tickets has a greater probability of winning than one that 
has sold 25. 
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In this chapter, problem solvers are asked to create a mathematical model 
to explain how to identify the probability of several (compound) events hap-
pening with dependent probability. Te objective is to get problem solvers to 
realize that early events afect subsequent ones. Moreover, an ancillary con-
cept is to help problem solvers realize how probability changes and needs to 
be adjusted with each event. To accomplish these objectives, the Volleyball 
Program Problem is provided. 

Links to Standards 
As with all other MEAs in this book, the Volleyball Program Problem has 

links to the CCSS-M (NGA & CCSSO, 2010) and the NCTM’s Principles 
and Standards for School Mathematics (2000). 

Regarding the CCSS-M, problem solvers can be expected to meet stan-
dards in more than one grade. For example, regardless of the problem solvers’ 
grade, they will likely represent and interpret data (a grade 5 standard). With 
respect to grade 7 standards, problem solvers will investigate chance processes 
and evaluate probability models. Concerning high school standards, problem 
solvers will use probability to evaluate outcomes of decisions. Varied mathe-
matical practices (MP) are also met with this MEA, including MP4 in which 
problem solvers model with mathematics. 

Regarding the NCTM standards, regardless of the their grade level, prob-
lem solvers can be expected to propose and justify conclusions and predictions 
based on data, and describe the likelihood of events, which is consistent with 
grades 3–5 expectations. Te Volleyball Program Problem also meets an expec-
tation in grades 9–12 in that problem solvers will understand the concepts of 
conditional probability and independent events. 

Potential Student Responses 
Facilitators should frst solve the problem on their own to see what solution 

path is chosen. However, having a series of solutions can prove fruitful in antic-
ipating student responses and questions. In this section, the most common 
solutions or mathematical models are presented. 

Solution 1 
With Solution 1, problem solvers determine that the probability of win-

ning a prize is 5 out of 100 or 1 in 20. Tis is not altogether correct or incorrect. 
Stating that the probability of winning at any given time during the distribu-
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tion of programs is approximately 5% is a fair generalization. However, groups 
are unable to state that the probability changed depending on the previous 
outcome. Tis solution does not take into account that every time one person 
won the probability of winning was decreased by at least one in the numerator 
(number of favorable outcomes) and one in the denominator (number of over-
all outcomes). For instance, just before the frst person wins, the probability of 
winning is 5/94 (better than 5/100 or 5 out 100). However, after the frst per-
son wins, the new probability of winning is 4/93, which is considerably worse 
than 5/94. With this solution, problem solvers do not take into account the 
fact that the most recent event changes the probability of the next outcome. 
Tis may suggest that the individuals who created the solution do not have a 
complete understanding of dependent events. 

Solution 2 
In Solution 2, the problem solvers appear to grasp the concept of depen-

dent events in probability, although their solution lacks insight as to how this 
model can be applied to future situations (potential lack of generalizability). 
Problem solvers get the probability of each event correct and their solution 
looks something like Figure 5.1. 

Person Probability 
1 5/100 
2 5/99 
3 5/98 
4 5/97 
5 5/96 
6 5/95 
7 5/94 (winner) 
8 4/93 
9 4/92 
10 4/91 

. 

. 

. 
100 0/1 

Figure 5.1. Probability of winning sample solution chart. 
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However, rather than construct a mathematical model that works overall 
and for other instances, such as those in which there are more or less winners 
and more or less overall participants, the problem solvers simply list results for 
each event and are unable to transfer their solution to any other set of data. 
Tis suggests that the problem solvers have a surface level understanding of 
dependent events in probability, but that they are forced to fgure out a solu-
tion to each event, given each new set of data. Te value in this solution is that 
the problem solvers do grasp, to some degree, the concept in the problem, but 
the concern is that they were unable to generalize the mathematical model for 
future use. 

Solution 3 
Solution 3 is similar to Solution 2. However, problem solvers seek a pattern 

to the data, although one does not exist because the programs were selected 
randomly. Any attempt to identify a pattern resulted in no success and the next 
data set would not likely mimic this one. For instance, there is not a winner 
in every ffth or every twentieth program. Furthermore, there is no consistent 
interval in between each winner. Seeking a pattern may indicate that problem 
solvers were seeking a mathematical model, although a comprehensive one was 
not presented. 

Solution 4 
With Solution 4, problem solvers are able to create a mathematical model 

that is truly generalizable to future situations and future data sets. Not only 
do problem solvers realize that after each event the probability for the next 
program buyer changed, but they are able to explicate how the numerator and 
denominator changed after each outcome. In their mathematical model, prob-
lem solvers state that after each event, the denominator, or number of overall 
trials remaining, decreased by one, and the numerator was consistent unless a 
winner was selected. When a winner was selected, the number of favorable out-
comes (i.e., the numerator) decreased by one. For example, when the seventh 
person won free pizzas for 6 months, the probability changed from 5/94 to 
4/93. In this respect, at least some general rules were provided for interpreting 
future and similar situations in probability. Te problem solvers also mention 
that the only time that both the numerator and denominator changed simulta-
neously, being reduced by one respectively, was when a winning program was 
sold. If this outcome did not occur, only the denominator was reduced by one. 
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Instructor Questions 
Instrumental to facilitating success with MEAs is a robust list of instructor 

questions that can be used as problem solvers seek a solution. In this section, 
a list of questions is provided that may be used at various times to challenge 
problem solvers. At no time should implementers directly tell problem solvers 
mathematical answers. It is acceptable to clarify information, such as unclear 
points of a problem statement or data table, but implementers should not 
directly yield answers to students. 

1. What is another word for probability? 
2. How is probability represented? 
3. Are there any other ways to represent probability? 
4. Do you know what dependent and independent events in probability 

are? 
5. Does it seem likely that with fve prizes and 100 programs that every 

time 20 programs are sold that a winner should emerge? 
6. What is the probability of the frst program buyer winning a prize? 
7. What are the possible chances of winning for the 100th program buyer? 
8. Would it be possible to have two consecutive winners (e.g., buyer 39 

and buyer 40)? 
9. How long could you go without a winner? For instance, could you 

have 50 programs sold consecutively without a winner? 
10. Could you have three programs sold consecutively with a winner? 
11. Would it be possible for all of the winning programs to be sold in the 

frst 50 programs sold? 
12. If program buyer 48 won a prize, what happens to the chances of pro-

gram buyer 49? 
13. If program buyer 63 does not win a prize, what happens to the chances 

of program buyer 64? 
14. How does a winning program (i.e., one in which a buyer wins pizzas 

for 6 months) afect the future probability of winning? 
15. How does a losing program (i.e., one in which a buyer does not win 

pizzas for 6 months) afect future probability of winning? 
16. With your model, have you considered how the last event afects the 

next event? For instance, regardless of the outcome of event 24 (the 
24th program sold), does your model account for the outcome of each 
separate event? 

17. How generalizable is your model or does it work in only this situation? 
18. Will your solution or model work for another problem that is similar 

to this one? 

PROBABILITY FOR KIDS 82 



  

 

 

19. How does your solution inform the folks at Clunette Middle School 
the next time they hold such a contest? 

20. Did you look back at the problem statement to see how your solution 
meets that need? 

Notes on Implementation 
Critical to implementing MEAs is solving the problem and having solid 

questions in anticipation of problem solvers’ solutions. Knowing why the 
questions are asked as they are often provides insight. Hence, the questions 
shared are common ones that will be useful no matter what group is solving 
the problem. Note that some questions may be more appropriate for (more) 
mature problem solvers, but this is not to suggest that such questions cannot 
be amended or changed to meet the needs of the facilitator. 

Question 1 is generic and forces problem solvers to ascertain what proba-
bility is. Some words are synonymous with probability and others are related, 
but not necessarily synonymous. For example, many probability experts are 
comfortable mentioning likelihood or chance with probability. However, there 
is a distinction in odds and chance (see defnitions in the introduction). Te 
central theme around probability (chance) is that it can be represented as a 
fraction. In this problem, the likelihood of winning before one program has 
been sold is the number of favorable outcomes (i.e., fve winners) relative to the 
number of overall outcomes (i.e., 100 total programs sold). In probability, the 
number of favorable outcomes is the numerator in the fraction and the num-
ber of overall (remaining) outcomes is the denominator. Each time a winning 
program is sold, the number of overall winners (numerator) decreases by one. 
Each time a program is sold, the number of overall programs (denominator) 
decreases by one. 

Question 2 investigates how probability is represented. Te question may 
be somewhat confusing to experts in probability, as there is more than one 
way to represent likelihood in probability. Perhaps the question is aimed at 
investigating the most common representation in probability. In that event, a 
fraction or text is the most common representation. Often, but not always, the 
fraction is represented with an overall probability of 100, even if a simplifed 
fraction sufces to explain the probability, such as 7/8. Tis is done regularly 
because people like to know what the probability of something happening is 
out of 100. In probability, 0/100 indicates that there is zero probability of the 
event transpiring, while 100/100 represents 100% certainty that the event will 
occur. Fractions can be represented with text so that a 1/5 chance is “1 out of 
5” or “a 1 in 5 chance.” 
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In Question 3, problem solvers are asked to explain other manners in 
which probability is represented. Placing a numerator over 100 is a percent. 
One’s chances of winning may be 3/5, which could be represented by 60%, 
or 60/100. Arguably, the next most common manner in which probability is 
represented is as a decimal. A chance of 2/8 would therefore be represented 
in decimal form as .25. All of these representations work in harmony and the 
probability of an event can be expressed with any of the three representations. 
For example, a 3/5 chance of winning can be represented as a fraction or text 
(3/5, 3 out of 5, or 3 in 5), as a percent (60%), or as a decimal (.6). Tis ques-
tion may seem somewhat elementary, but if the facilitator has not verifed such 
terminology with problem solvers, elementary concepts can delay or detour the 
successful creation of a mathematical model. 

Question 4 may work better as a later question, but it gets at the heart of 
the problem. Knowing the concept of dependent events in probability helps 
problem solvers realize what the opposite construct is—independent events. 
Problem solvers may not be able to answer this question until after all of the 
class’s MEAs are discussed. Dependent events are events in which the outcomes 
of an event (Event B) depend or are contingent upon the outcomes of previous 
events (Event A). Te removal of one tool in probability (e.g., a marble) afects 
the outcome of the next event (e.g., the drawing of another marble). With 
something removed and not replaced, the probability of the next outcome 
changes. Independent events are the opposite. Te outcome of a subsequent 
event (Event B) is not contingent upon the outcome of a previous outcome 
(Event A). A fip of a coin or roll of a die are quintessential examples of inde-
pendent events. 

Question 5 starts a series of questions that pose scenarios in an attempt 
to help problem solvers realize logic in creating their mathematical model. 
Problem solvers are asked whether or not it seems likely that every time 20 pro-
grams are sold a winner should emerge if fve winning prizes are awarded out 
of 100 programs. Tis is a logical question in which to respond “yes.” Note that 
problem solvers were not asked if for each 20 programs sold one winner will 
emerge for sure (e.g., a 100% chance of winning). Tis question is structurally 
diferent than the one listed and the answer is “no.” 

Question 6 aids problem solvers who do not know where to start. If prob-
lem solvers have little insight as to how to start their solution, then beginning 
with the frst event is a safe place. Problem solvers should begin to realize, 
whether they comprehend dependent or independent events or not, that the 
frst person has a total of fve favorable outcomes and that there are 100 total 
programs sold. Hence, the probability for the very frst program buyer is 5/100 
or 5%. Te frst event is unique because it is the only event in which the prob-
ability is known with 100% certainty. Tis is because no events have preceded 
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it to confuse problem solvers. Tis is also a good question to use with problem 
solvers who are confused because it illustrates that they understand the very 
basic concepts of probability. 

Question 7 poses another scenario. Because it is the very last event that 
could occur, the difculty in fguring out the answer may be challenging for 
problem solvers at young ages. To the advanced probability student, the answer 
is quite obvious. Either all of the prizes (fve of them) have been awarded, and 
the chance of winning for the 100th program buyer is 0/1, where the zero rep-
resents the number of remaining favorable outcomes and 1 represents the fnal 
trial or event, or the probability of winning is 1/1, where the 1 in the numera-
tor represents the number of favorable outcomes and the 1 in the denominator 
represents the remaining number of trials. Hence, the fnal trial is one in which 
the outcome of winning is completely dichotomous (either a 0% chance of 
winning or a 100% chance of winning). In all cases, the fnal person should 
know the outcome prior to the actual event. 

Question 8 continues with prospective scenarios. Tese questions seldom 
result in the direct production of a mathematical model, but they can be incred-
ibly insightful in elucidating concepts in probability. Problem solvers are asked 
if it would be possible to have two consecutive winners. With the example 
provided, problem solvers should come to the realization that the outcome is 
possible, assuming that at least two prizes remain by the 39th and 40th buyers. 

Question 9 diametrically opposes Question 8. With Question 8, problem 
solvers are asked if consecutive winners were a possibility. Given some very 
basic assumptions (e.g., that there are still two prizes available), this outcome is 
certainly possible. With Question 9, problem solvers are tasked with whether 
or not 50 programs could be sold without a winner. Naturally, if all prizes 
had been awarded and there were still 50 programs to be sold, this would be 
possible. However, even with two to three programs remaining, the likelihood 
of this happening certainly exists. Tus, problem solvers should be learning 
to qualify almost all answers in the feld of probability. Tat is, Event X could 
occur given certain assumptions or conditions. 

Question 10 is closely related to Question 8, but it has not been placed 
directly after it because the intermediate question (9) is used as a distracter. 
With Question 10, the scenario of three consecutive winners is posed—if three 
winning programs could be sold consecutively, assuming no cheating. Te 
answer to this should be consistent with the answer to Question 8. Problem 
solvers should be able to say that three consecutive winning programs is a pos-
sibility, assuming three winning programs exist. As odd as it sounds, it is an 
impossibility to have three consecutive winning programs if only two winning 
programs exist. 
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Question 11 is not placed directly after Question 9, but understanding 
the answer to the ninth question provides considerable insight to Question 
11. In this question, problem solvers are asked if it would be possible for all of 
the winning programs to be sold to the frst 50 buyers. Without reservation, 
problem solvers should answer “yes.” Tis question is not one in which prob-
lem solvers are asked if there is a 100% possibility of this outcome happening. 
Instead, the question helps problem solvers simply investigate if the proposed 
outcome is a possibility. 

Questions 12 and 13 are ones in which problem solvers are again charged 
with identifying what would happen given a previous outcome. Each of these 
questions should provide substantial insight to Question 4. In each case, the 
previous outcome afects the likelihood of the next outcome. For example, 
with Question 12, problem solvers are asked what happens to the chances of 
Program Buyer 49 if Program Buyer 48 won a prize. Te answer is always, “Te 
chances of winning decrease for Program Buyer 49 if Program Buyer 48 is a 
winner.” Tis is because the problem solver knows the number of remaining 
outcomes, even if the number of remaining winning programs is not known. 
Te number of remaining, winning programs is either 4, 3, 2, 1, or 0. Hence, 
whatever the previous probability of winning was, for Program Buyer 48, the 
new probability of winning is one less winning option and one less overall 
option. Hence, the numerator and denominator respectively decrease by 1. 
Mathematically speaking, the percentage of winning is guaranteed to decrease 
because each of the numbers possible in the numerator (number of favorable 
outcomes) represents 20% of all winning opportunities, whereas the denom-
inators each represent 1% of all outcomes because there are 100 outcomes 
(program buyers). 

Question 13 results in the opposite outcome. Each time a loser is 
announced, assuming a winning program exists, the chance for the next pro-
gram buyer to win increases. When a losing program is purchased, the numer-
ator, or number of winning programs, is static and the denominator reduces by 
1. For example, Program Buyer 63 may have a hypothetical chance of 3/37 of 
winning. Assuming Program Buyer 63 does not win, then the new percentage 
for Program Buyer 64 is 3/36 (certain to be increased even without doing the 
mathematical computation). 

Questions 14 and 15 are more generalized questions than the previous two. 
Te intent of these questions is to investigate whether problem solvers came to 
the mathematical generalizations provided. Te mathematical generalizations 
provided should be realized without any deep knowledge of probability. Tis 
is because each of the realizations is based on number sense and operations 
(NCTM, 2000). To realize each outcome, pending the previous outcome, one 
simply needs to be able to manipulate numbers and look at hypothetical situ-
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ations, or what would happen in the next event if a certain outcome happened 
in the previous event. For Question 14, problem solvers should have the same 
basic answer as they did with Question 12. Similarly, the response to Question 
15 should be consistent with the answer to Question 13. In Question 14, the 
likelihood of the next event, assuming a winning program still exists, should 
decrease. With Question 15, the response should be that the likelihood of win-
ning increases given the fact that the numerator (number of positive outcomes) 
is static and the denominator (number of overall outcomes) decreases by 1. 

Question 16 is basic and often posed almost rhetorically. Problem solvers 
should be reminded that no matter the outcome of the previous event, the 
probability of the next event should not be consistent with the probability of 
the previous one. Tis is because no matter what happens, the fraction will 
change in the denominator and possibly the numerator. A specifc example is 
provided in case the problem solvers fnd the question too general. 

Te remaining questions are designed to encourage problem solvers to 
question the generalizability of their mathematical models. For instance, 
Question 17 asks problem solvers how generalizable their model is. Depending 
on the age of the problem solvers, facilitators may choose more age appropriate 
words, such as the following question about whether their model will work 
with another problem, with diferent data, that is very similar to this one. With 
Question 19, problem solvers are to focus on generalizability again. Tis is an 
important question because it reminds problem solvers that the mathematical 
model, or solution, created may be useful in more than just this one situation. 
Finally, Question 20 is designed to persuade problem solvers to implement 
Pólya’s (1945) fourth step to problem solving, “Look back to see if your answer 
makes sense.” Problem solvers can easily get swayed by one line of reasoning, 
get of track on what the problem is actually asking, and stray into some pow-
erful mathematical thinking, all the while not solving the problem. 
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Jenny Britton is on the volleyball team at 
Clunette Middle School in McGregor, TX. 

She is very excited about how well the 
team will do this year. Tey have several 

very talented players that get along well and 
have practiced together much of the summer. 
In fact, they got along so well and were so 
excited about volleyball that they attended a 

volleyball camp together for a week to polish their skills. Jenny’s 
best friend, Tanya Sims, is the student council president for Clunette 

Middle School and they have talked extensively about what they can 
do to increase attendance at games this year. Often, about 50 people 

The Volleyball Program Problem 

attend games, but they think they can get the total number of people to 
100 each game. One of their ideas is to have a promotion that is designed 
specifcally to bring fans to games. After some discussion, Jenny and Tanya 
decided to create a sort of rafe in which fans who attend games have the 
opportunity to buy a program. In the program, general information about 
the school and the players is detailed. Some fans fnd it fun to learn about 
the players on their team. 

For the frst game, 100 programs will be printed and on fve of the pro-
grams, winning stickers will be placed on the back of the program. Each 
program with a winning sticker may be redeemed at the local pizza restau-
rant, Denelli’s Pizzeria, for 6 months of free pizza (one pizza per week max-
imum). Stickers will be placed in random programs just moments before 
the volleyball game starts to sell tickets and programs. Te idea is to get fans 
to come to the games and to get them to buy programs. Proceeds from the 
program sales go directly to the student council and they will use the money 
for several projects throughout the school year, including a sixth-grade class 
visit to the Cameron Park Zoo in Waco, TX. 
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Te Volleyball Program Problem, continued 

Some students know that their chances of winning are not very good, 
but they have decided that if they knew how many winners had already been 
awarded, they might be more or less inclined to participate. Consequently, 
the school is posting basic rules in prominent places at the entrance to the 
gymnasium. Each time a prize is awarded, the winning program number 
will be announced on the loudspeaker so that fans will be updated on how 
many prizes exist. Periodically, winning program numbers will be displayed 
on the video screen. 
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Name:__________________________________________________________________________________

Readiness Questions 

1. What event is the focus of this problem? 

2. What is Tanya Sims planning to do to raise money for the Clunette 
Student Council? 

3. What might afect your interest in buying a program? 

4. If there were 50 programs sold out of 100 and four people had already 
won, would you buy one in an attempt to win? 

5. For what will the proceeds be used in the Volleyball Program Problem? 

6. If there were 40 programs sold out of 100 and there had been no 
winners, would you buy a program in an attempt to win? 
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Name:__________________________________________________________________________________

Data and Problem Statement 

Te Clunette Middle School student council has placed 
winning stickers on or in 5 of the 100 programs sold. For the 
frst game, they placed winning stickers in the following pro-
grams: 7, 23, 52, 57, and 86. 

Problem Statement 
Find a way to determine what the probability is for each 

purchase of winning. Tat is to say, given any number, your 
solution should be able to explain the new probability of the 
fan winning, given the fact that he or she does not know if 
his or her program is yet a winner. For instance, prior to sell-
ing Program 1, no prizes have been awarded so the probability 
of winning is 5 out of 100 that the frst buyer could win the 
free pizzas for 6 months. Your solution should be one in which 
every single buyer is informed about the chances of winning. 
Be sure to create a solution that can be used with diferent 
numbers than those provided because the next time that the 
Clunette Middle School holds the contest, the winning pro-
gram numbers will not be the same as these and fans would like 
to know their chances of winning. 
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 Chapter 6 
Permutations and 

Combinations 
The Safe Combination 

Problem 

LLearners, including adult learners, commonly feel trepidation when inves-
tigating concepts relevant to probability. Tis is likely because it has been sug-
gested that probability is perhaps the most notable subdiscipline of mathe-
matics in which intuition often leads to incorrect answers, rather than correct 
answers. For many, the very basic concepts of probability are just that, quite 
basic. However, when the concepts become slightly more confusing, such as the 
focus of this chapter, high anxiety and low self-efcacy (Anderson & Bourke, 
2000) may enter into the learning atmosphere and become a barrier to true 
understanding of concepts. 

In this chapter, the oft-confused concept of permutations is investigated. 
Neophytes in probability may be quick to recall that permutations and com-
binations were discussed together in a statistics and probability class at some 
point. If this is remembered, learners and teachers often regurgitate the notion 
that with one of the concepts (permutation or combination), order is import-
ant and with the other concept, order is not important (Azad, n.d.). One of 
the main tenets of this chapter is to enable young learners the opportunity to 
truly know the diference in permutation and combination by the conclusion 
of the MEA. 

As a quick review, operational defnitions of each concept have been pro-
vided, along with age-old examples that are often found in textbooks. 
� Permutation: An arrangement of mathematical data or objects in 

which order is of consequence (e.g., people, cars, numbers, colors, ani-
mals, etc.) 
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� Combination: An arrangement of mathematical data or objects in 
which order is not of consequence 

Problem Statement 1 (below) is one in which the particular order is of 
consequence or relevant to the problem. Problem Statement 2 (below) is one in 
which the particular order of the numbers is not important or of consequence 
to the problem. 
� Problem Statement 1: Eight months ago, Keith purchased a lock for 

his back gate and he locked it. Te lock has four numbers that range 
from zero to nine and he has forgotten the combination. Knowing 
that each combination requires about a second to try, how long could 
he work on fnding the combination if he is just trying numbers in a 
systematic fashion? 

� Problem Statement 2: Barbara has decided to buy a new car and she 
has decided on the model and agreed on a price with the salesper-
son. Her main dilemma at this point pertains to the colors for the car. 
For her car, there are eight available exterior (paint) colors available 
and four diferent interior fabric colors. As she began to consider her 
purchase, she wondered why this task seemed so confusing. So, she 
decided to see how many options of interiors and exteriors were avail-
able. Identify how many diferent types of cars exist given eight exterior 
paints and four diferent interior fabric colors. 

Tree interesting websites on permutations and combinations are: 
� http://www.permutationandcombination.com 
� http://stattrek.com/online-calculator/combinations-permutations. 

aspx 
� http://www.unco.edu/nhs/mathsci/facstaff/Roberson/CourseDocs/ 

MATH%20182/Activities/Combinations%20and%20Permutations. 
pdf 

Te frst two websites run simulations for permutations and combinations. 
Te second and third websites are informative ones in which conceptual def-
nitions and examples are provided. 

Another concept to remember is that when working with one set of data and 
computing permutations and combinations, there will always be fewer combi-
nations than permutations, because with permutations, the order is important 
and therefore greater specifcity will be required with the answer. With combi-
nations, not all options are listed and with permutations, all options are listed, 
but not necessarily the order. For example, when arranging three letters, there 
is only one combination, ABC, because ABC is considered to subsume all pos-
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sible permutations that can be created with the three letters. However, when 
paying attention to the various permutations that could occur, ABC is distinct 
from ACB, which is diferent than BCA, BAC, CAB, and CBA (six permuta-
tions, two each starting with A, B, and C). Hence, with three letters arranged, 
there is only one combination and six permutations. 

In reality, by recalling that permutations is the concept in which order is 
important, and thus problem solvers will derive a greater number of responses 
than they will with combinations in the same set of data, it is relatively easy 
to distinguish between the two concepts. In this chapter, problem solvers are 
asked to attempt a complex permutation problem in hopes that their mathe-
matical model will provide insight into similar, future problems. 

With the Safe Combination Problem, solvers are asked to fnd the com-
bination to a safe in order to unlock it. Two friends were given a safe by their 
grandpa, who got it at a pawnshop. Te safe is locked and the owner admitted 
that he did not know what was in it. Te Safe Combination Problem is often 
just referred to as the Safe Problem because the Safe Combination problem 
is somewhat of a misnomer. In reality, this problem should truly be called 
the Safe Permutation Problem because the exact order of the numbers is cru-
cial to unlock the safe. Te reason that this problem is referred to as the Safe 
Combination Problem is because in layman’s terms, the precise order of num-
bers to unlock a safe is called a combination, when in fact it should be a safe 
permutation. Problem solvers are asked to create a solution, or mathematical 
model, that helps the safe owners decode the combination, given one piece of 
critical information that limits the number of permutations. 

Links to Standards 
Te Safe Combination Problem has links to the CCSS (NGA & CCSSO, 

2010) and the NCTM standards (NCTM, 2000). Teachers should not need a 
persuasive case for using MEAs in their classroom given myriad features that 
engender conceptual learning in mathematics. However, when such activities 
are linked with state or national standards, the case for implementation is made 
even stronger. 

Regarding the CCSS-M, this problem links to multiple grade standards. 
Regardless of the age at which this problem is done, problem solvers will meet 
grade 7 standards. Problem solvers will investigate chance processes. Moreover, 
problem solvers are expected to evaluate probability models. In this activity, 
they are not expected to evaluate probability models until they create their 
own probability model, something that is considerably more complex than 
merely evaluating a model that was imposed on a group. Problem solvers may 
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also determine or quantify compound probability as part of their mathemati-
cal model, although it is not necessary to formulate a mathematical model to 
explain the problem. 

With the high school level CCSS-M, problem solvers will meet increased 
demands to model with mathematics, as this problem is a challenging one to 
develop a mathematical model. One of the discussion points in the CCSS-M 
high school standards pertains to the precision required in mathematical mod-
els. In the Safe Combination Problem, the model must be highly accurate 
to work. Rollers in a safe do not often work with approximations. Te exact 
numbers must be entered. To that end, the safecrackers would be well served 
with a systematic manner in which to open the safe. Tus, they must be able 
to develop a mathematical model that enables them to identify all prospective 
combinations for the safe. With respect to actual content, the statistics con-
cept of randomization must be considered in relation to the Safe Combination 
Problem. Tis is because there is likely to be no pattern in the safe combina-
tion, although the safecrackers are left with the hint that the birthday of the 
former owner’s son, June 28, will play into the combination. Problem solvers 
are expected to use another high school standard: Use probability to evaluate 
outcomes of decisions. In creating a probability model to limit the number of 
permutations that could comprise the safe combination, the problem solvers 
will have some insight and not have to try every single combination. By cre-
ating a mathematical model, they could save substantive time and efort in 
decoding the combination. Tis is an example in which a well-constructed 
mathematical model could save hours of painstaking efort to avoid mere hap-
penstance. Concerning mathematical practices, problem solvers will model 
with mathematics (MP4), and contingent upon the process used, they will 
likely use additional mathematical practices that are outlined in the introduc-
tion to this book. 

Regarding the NCTM standards, the Safe Combination Problem will meet 
standards in grade bands 6–8 and 9–12. In grades 6–8, for example, problem 
solvers will likely use elementary understanding of concepts in probability to 
make and test conjectures about simulations and experiments. In addition, by 
identifying all prospective safe combinations, problem solvers can be expected 
to use such probabilistic tools as tree diagrams, area models, and/or organized 
lists to eliminate combinations that would not work to unlock the safe. In 
grades 9–12 standards, problem solvers will understand and apply basic con-
cepts of probability by using the concept of sample space. Te use of sample 
space in this sense may not be the literal sense, but if one looks at all of the 
possible combinations of the safe as the population, then the restricted combi-
nations, knowing that the digits 6 and/or 28 must be used somewhere in the 
combination, could be perceived as a sample space. 
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Potential Student Responses 
Knowing prospective group responses or solutions to the MEAs is crit-

ical to being able to assess products. Note that little has been done in the 
area of MEA assessment so virtually all assessment must be done locally. Local 
assessment is often preferential, at least with MEAs, to assessment done by an 
outside source. For teachers who desire a rubric, the quality assessment guide 
(Chamberlin & Moon, 2005) is a starting point. 

Solution 1 
Solution 1 is an entry-level response in which problem solvers do not invest 

adequate time to create a mathematical model of high quality. Te group sug-
gests that the safecrackers should simply try combinations randomly. Truly, 
this would not be considered a mathematical model in that little efort was 
invested in the solution and the mathematical model provides no true insight 
for the safecrackers. If the safecrackers worked in a haphazard manner, then 
they would have as much success as this group did. One way to evaluate solu-
tions to the safe problem is to ask groups how long it would take the safecrack-
ers to open the safe using the model they created. Absent a great deal of luck 
and simply trying combinations without a systematic model in place would 
not likely yield a positive outcome. 

Solution 2 
Solution 2 provides more insight than the frst. Te group frst suggests 

that all of the combinations be tried. Upon further consideration, the group 
modifes its model to suggest that the number 28, due to the birthday of the 
owner’s son, be used. Finally, the group realizes that another potential number 
exists in the combination because the number 6 could represent the month of 
June. After some coaching, they conclude that 6 and 28 must appear some-
where in the safe combination. Terefore the only unknown number ranges 
from 1–30, but where it goes in the safe combination is not entirely known. 

Solution 3 
Solution 3 shows more sophistication than the frst solution and it is some-

what more refned than the second solution. Te group immediately realizes 
that only combinations that have the numbers 6 and 28 in them are worth 
attempting. Te capacity in which that could or should be done may not be 
clearly articulated in the solution, but with additional time and appropriate 
teacher questions, the group is able to defne a very usable mathematical model 
to crack the safe in a timely manner. Tis solution is interesting insofar as the 
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group has not stipulated the order of 6 and 28, but has listed them as contained 
in the sample space of: 
� 6, 28, X (where X represents the unknown number between 1 and 30) 
� 6, X, 28 
� 28, X, 6 
� 28, 6, X 
� X, 28, 6 
� X, 6, 28 

Solution 4 
With Solution 4, problem solvers struggle signifcantly with the wording of 

the problem. Te issue is not that they misunderstand the problem inasmuch 
as they are confounded by whether 6 or 28, or 6 and 28, are in the safe com-
bination. Tey do not, therefore, isolate the fact that either combination was 
possible and were stymied in identifying the sample space initially. Ultimately, 
in their mathematical model, they realize that either option exists. Te com-
bination could have 6 or 28 in any of the three positions or the safe combina-
tion could have 6 and 28 in the safe combination. Consequently, Solution 4 
has many more permutations than Solution 3, but it does suggest that more 
than six so-called safe combinations (i.e., permutations) exist. With a greater 
number of prospective solutions, higher precision is reached, but it will likely 
require a longer period of time than Solution 4 to open the safe. 

Solution 5 
Solution 5 is even better than Solution 4 in that in creating this solu-

tion, the problem solvers use tools to clearly articulate the sample space. For 
instance, they suggest that tools such as a diagram tree, an area model, or an 
organized list be used to create two lists (combinations with 6 and/or 28) and 
combinations without 6 and 28. Perhaps more signifcantly, in the creation of 
this model, the problem solvers realize that 6 or 28 or 6 and 28 could be in the 
solution. Tey further recognize that either of the numbers could be duplicated 
in the safe combination. 

Solution 6 
Solution 6 is a refned spinof of Solution 5 in that two specifc lists are 

created to identify all possible safe combinations (i.e., permutations). Note 
that given their length, the actual lists are not reproduced in this chapter. 
Sophisticated mathematical processes are used to create these two lists and ulti-
mately, a Venn diagram shows all prospective safe combinations and the non-
combinations are not listed, as they are too numerous to identify. Nevertheless, 
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in this mathematical model, the safecrackers are provided with a list of all 
possible combinations so that they can start to crack the safe with complete 
certainty. Te actual safe combination exists somewhere on the list. 

Instructor Questions 
Concerning instructor questions, the Safe Combination Problem is one 

with which facilitators must be most careful. Contingent upon the question(s) 
used, it would be easy to not provide enough information to help guide prob-
lem solvers’ thinking or it would be easy to provide too much information, 
thus giving away an answer or prospective solution. In any event, teachers 
need to consider their questions carefully prior to issuing them. Te questions 
provided are certainly not the only questions that could be developed for use 
with the problem. 

1. How will your model help LaBrandon and Terrell open the safe? 
2. If someone just tried some combinations in no particular order, with-

out having any idea about the actual safe combination, could that per-
son beat LaBrandon and Terrell opening the safe? 

3. Have you considered all possible safe combinations? 
4. What makes you think that you have identifed all of the possible safe 

combinations? 
5. Can you defend (provide a rationale) for the solution that you provided? 
6. Is there (any) information in the problem statement that might help 

you decode the problem? 
7. If so, what is that information? 
8. Could you do anything with your current solution to limit the number 

of possible safe combinations? 
9. Could you do anything with your current solution to expand the num-

ber of possible safe combinations? 
10. Using your solution, how long do you think it would take LaBrandon 

and Terrell to open the safe? 
11. If someone provided your solution and you were the safecrackers, 

would you be pleased or not? 
12. If someone used your solution, would that person be able to open the 

safe? 
13. Are there tools in the world of probability that might help you identify 

the possible safe combination? 
14. Is there more than one combination to a safe? Does your model account 

for that fact? 
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15. If someone were to use your solution and another person worked on 
the safe without your insight, who would open it frst? 

16. Do we know anything about any numbers in the combination? 
17. Is it possible for any of the birthday (numbers) to be used more than 

once? 
18. Do the birthday numbers go in any particular place in the combination? 
19. Could either of the birthday numbers be omitted from the safe 

combination? 
20. Did your solution provide potential combinations or just a process to 

determine potential combinations? 

Notes on Implementation 
Te Safe Combination Problem asks students to create a mathematical 

model to explain to LaBrandon and Terrell how to open a safe, given some 
constraints. Without the constraints, the problem is simply another proba-
bility problem in which the solution nPr works, but given the fact that prob-
lem solvers have a small hint, the problem can be engaging and provide great 
insight into concepts in probability. 

Tis section guides facilitators regarding the intent of the questions and 
how they can help problem solvers gain insight regarding an actual solution. 

Te frst question is a generic one designed for use with all groups engaging 
in the problem. Tis question should prompt problem solvers to analyze the 
efciency and interpretability of their solutions. 

Question 2 is a hypothetical one in which problem solvers are again asked 
to question the usefulness of their solution by considering what might happen 
in a situation in which one had the current model (i.e., that the problem solvers 
just created) and another individual had no mathematical model at all. If pro-
vided with both prospects, problem solvers are left to question which approach 
might yield the quickest solution. In the event the individual(s) without any 
mathematical model could crack the safe quicker than those with a solution, it 
certainly calls into question the usefulness of the proposed solution. 

Question 3 may seem too open-ended, but it is designed to get problem 
solvers to consider the entire sample space. It might be helpful to some groups 
to identify the sample space prior to considering the eventual solution. If con-
sidering the sample space sequentially, the frst prospective solution would 
be 0-0-0 and the fnal one (potential combination) could be 30-30-30. It is 
important to note—and this question is not necessarily designed to get prob-
lem solvers to think about hints yet—that some information was contained 
in the problem statement that will eliminate many of the possible combina-
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tions in the sample space. A follow-up question, not listed in this set, for very 
advanced groups, could be, “How many possible combinations in the sample 
space will not work for the eventual combination (because of our hints)?” 

Question 4 asks problem solvers to provide a rationale for why their list of 
possible combinations is comprehensive. In posing this question, facilitators 
ideally will get problem solvers to think about the mechanics of identifying the 
sample space, with the ultimate goal being the sequential solutions provided 
above. Tere should be 24,360 conceivable safe combinations when not using 
the hints of 6 and/or 28. As noted previously, the hints that at least one or as 
many as two numbers are used in the combination will limit the actual sample 
space by a vast number. 

Te ffth question should be used later in the problem solving process and 
like Question 1, it is quite generic and designed to get problem solvers to 
consider the worth of their solution. Problem solvers are asked to defend their 
solution as an efcient one. Tis is a question intended to encourage problem 
solvers to self-assess their responses or solutions. Teachers should use this ques-
tion regularly throughout the MEA implementation process because it places 
the expectation on students to be critical of their products. If problem solvers 
are not satisfed with their solutions, then it is most likely that it deserves atten-
tion for another iteration. 

Facilitators should carefully consider the placement of Question 6. Tis is 
because Question 5 is a rather indirect hint that there is little need to identify 
all possible combinations (the entire sample space). Because two numbers, 6 
and 28, may be used in the combination, several possibilities with these num-
bers must be considered by the teacher and problem solvers. For example, it 
is possible that 6 and 28 are used in the combination. It is also possible that 6 
or 28 are used in the combination. Finally, it is possible that given the second 
scenario, that only one number is used in the combination, that it is duplicated 
or even triplicated in the combination. 

Question 7 is not entirely posed rhetorically, but it is merely a verifcation 
that group members know what the information is in the problem statement 
that is germane to solving the problem. Tis is a seemingly insignifcant ques-
tion, but in reality is paramount to managing a complex problem. With an 
initial sample space of 24,360 responses (not considering the use of 6 and/or 
28), using either one or two numbers as a clue will limit the number of possible 
combinations by a large margin. In fact, problem solvers who are interested 
enough in the number of solutions that could be precipitated by limiting the 
feld would be impressed to learn that if a number is triplicated, then only two 
solutions exist (6-6-6 or 28-28-28). If both numbers appear in the solution 
exclusively, meaning one number is duplicated, then only six combinations 
exist. However, if all other numbers are considered and each number appears 
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in the combination at some point, then substantially more combinations exist. 
Finally, if only one number is used in the combination (either 6 or 28), then the 
number of combinations has expanded considerably. A great problem exten-
sion, for teachers and problem solvers, is to identify all possible combinations 
and list them. A tree diagram may be helpful, but even that will get confusing 
give the number of combinations in the eventual answer. 

Questions 8 and 9 are designed to push problem solvers to identify the 
comprehensiveness of their solutions. With Question 8, problem solvers 
should consider if their fnal solution limited the number of solutions substan-
tially so that it was a manageable solution. To the contrary, Question 9 asks 
problem solvers if their solution omitted any prospective safe combinations. If 
either error occurs, it is a signal that the mathematical model created was not 
efcient. Moreover, if either error would be preferential over the other, it would 
be to have too many combinations, given the assumption that the actual safe 
combination existed in the solution somewhere. 

Te tenth question is also one designed to encourage problem solvers to 
consider the efciency of their solution. It puts the problem solvers in the place 
of LaBrandon and Terrell. If the mathematical model was one that enabled 
them to crack the safe in a timely manner, then it could be considered a plau-
sible one. However, if the solution that was provided yielded success with the 
safe combination, but it required several days or weeks to open, then the math-
ematical model could be considered a particularly useless one. 

Question 11 is also hypothetical in that problem solvers are asked to evalu-
ate their solution from an outsider’s perspective. Problem solvers who have just 
created a solution are asked to gauge the efectiveness of their mathematical 
model if they had to use it. Another way to phrase the question is to say, “If you 
had to use this solution, would you be pleased with it?” Similarly, Question 
12 encourages problem solvers to consider the plausibility of their solution 
even working. Tat is to say, the teacher has moved from the question, “How 
well will your solution work?” to, “Will your solution work at all?” Perhaps 
Question 12 should be one used earlier in the questioning process, although 
there is not an order to the list of questions, per se. 

Question 13 is intended to remind problem solvers that tools exist that 
might enable them to solve the problem in a systematic manner. For example, 
tree diagrams, even if not used in their entirety, may help problem solvers gain 
insight into an eventual mathematical model, although perhaps not solve it 
fully. Similarly, area models and organized lists can help problem solvers create 
processes that could be used in similar situations, thus resulting in a mathe-
matical model. 

Question14 is almost posed rhetorically and it repeats the notion that there 
is only one possible safe combination that will work to unlock the safe. Tis 
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is a reminder of the precision required for a successful mathematical model 
because getting close does not work in cracking a safe. 

Question 15 is one that may help problem solvers question the interpret-
ability of their mathematical model (or solution). Tis is because on multiple 
occasions, problem solvers have created perfectly reliable solutions to MEAs 
and they have been unable to communicate their solution to peers so that 
it could be implemented. Communication, therefore, is vital in relaying the 
model so that it can be used in this and subsequent situations. Question 16 
could be considered a reiteration of Question 6 in that the objective of the 
question is to get problem solvers to limit the sample space. Having even a 
nebulous hint to a solution is wonderful in a very broad problem. Without the 
hint, literally thousands more prospective combinations exist. 

Questions 17–19 pertain to the use of the birthday numbers and can be a 
signifcant hint to problem solvers who have not considered how they could be 
used. Te question asks if any of the numbers could be used more than once, 
although it is not specifed if they could be used three times. Question 18 
could be a follow-up to Question 17, as it was designed to get problem solvers 
to consider the idea that there is no particular order to the birthday num-
bers, or for that matter whether each is used in the fnal combination or not. 
Subsequently, Question 19 follows up on the idea that there is no guarantee 
that each of the birthday numbers is used in the safe combination. As much as 
anything, Questions 17–19 may serve as reminders to problem solvers neither 
to forget the numbers, nor to be too constrained by their use. 

Finally, Question 20 demands problem solvers to tell whether their math-
ematical model provides a process or whether it is a process and an actual 
product that LaBrandon and Terrell may use. If the solution is explicated thor-
oughly, then implementing it should be easy for the safecrackers. 
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The Safe Combination Problem 

LaBrandon and Terrell Bowen were recently 
visiting their grandparents’ house. Tey enjoy vis-
iting their grandparents because LaBrandon and 
Terrell’s grandfather, Julius, is a most intriguing 
man. Julius always seems to have a new story every 
time they visit. In fact, they have encouraged him 
to write a book about his life. “People don’t want to 
know about some old guy with a bunch of stories,” 
he reassured them. Tey, however, recognize that his 
stories are not just silly stories that would not enter-

tain folks. For example, their grandfather helped design the frst 
space shuttle. He also played minor league baseball and graduated at the top 
of his class in aeronautical engineering. Teir grandmother was a profes-
sional actress for many years, and they have traveled the world extensively. 

Julius has found an interest in collecting vintage wristwatches, so he 
frequents pawnshops, garage sales, and fea markets in search of the hid-
den gem that someone does not recognize is a priceless treasure. He stud-
ies horology, the making of time pieces, endlessly and even wonders if he 
should have pursued that as a vocation over aeronautical engineering. 

Recently, Julius was at a pawnshop nosing around the jewelry section. 
Jewelry sections in pawnshops can be quite large. Out of curiosity, he often 
makes his way through the rest of the store to see if he can fnd any porcelain 
elephants to add to his wife’s collection. In wading through the aisles of a 
pawnshop, he happened upon a safe. Safes are basically boxes made of steel 
and they range in size from very small to quite sizable. Safe owners often 
store very valuable goods in their safes such as jewelry, legal documents, and 
money. Some folks feel that safes initially got their names because items 
could not be (quickly) stolen from them and in the event of a fre or food, 
items would not be damaged if they were in an airtight safe. 
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Te Safe Combination Problem, continued 

Julius bought the safe for $25. When he tried to open the safe, it would 
not open. He spun the dial to see if it moved freely. He learned that it did 
move freely and must therefore still work. After inquiring about the safe 
combination, the owner told him that he got the safe for a few bucks in a 
trade and never did know the combination. He told Julius that if he fg-
ured out the combination and bought it, he would love to know what is in 
it, although the owner of the pawnshop was told that it was empty. Julius 
promptly paid the owner and loaded the safe in his sport utility vehicle and 
left. He proceeded home and unloaded the safe into his garage with the help 
of his neighbor. It has been there ever since he bought it one month ago. 

LaBrandon and Terrell are very interested in the safe. Tey watch a lot of 
shows on television and they have talked themselves into the fact that there 
is a pirate’s map in the safe that could lead them to a fortune. Julius feels 
that there is nothing in the safe because he feels the past owner would have 
removed it before taking it to the pawnshop. When they asked about how 
to open the safe, Julius said, “I don’t know too much about safes. All that 
I know is that you turn the dial to the right a few times, stop on the frst 
number and then rotate the dial one more full turn before stopping at the 
second number. Finally, you go straight to the third number, and then it’s 
ready to open.” 
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Name:__________________________________________________________________________________

Readiness Questions 

1. What was Julius’ occupation before he retired? 

2. What is the procedure for opening a safe? 

3. What does Julius like to collect? 

4. Are specifc numbers important when opening a safe? 

5. What can you do to open a safe if you do not know the combination? 
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Name:__________________________________________________________________________________

Problem Statement 

LaBrandon and Terrell have talked their grandfather into 
trying to open the safe. Teir grandfather, Julius, said that he 
played with it for a few hours, but did not have the patience to 
unlock the safe. He told them that they could come over to his 
house whenever they wanted to work on opening it. After ask-
ing about the combination and how to unlock it, Julius went 
in the house and found an old padlock. He shared the combi-
nation with them and had each of them unlock it so that they 
would know how to open a combination driven instrument 
(like a padlock or safe). Te boys encouraged Julius to stick 
around to see his prize, but he insisted that he had to go to the 
hardware store. Before he left, he called the pawnshop owner 
to inquire about any hints. He did say that the past owner of 
the safe came back in the store to see if anyone had opened 
it. While there, the owner said that the only thing he could 
remember about the combination was that it contained his 
son’s birthdate, but he did not know the order in which it was 
used. His son was born on June 28 and the combination lock 
goes to the number 30. 

Using the information that you have, fnd the best solution 
to identify the combination. In a letter to Julius, describe your 
process so that he can make sense of it. 
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Appendix 
Additional Information 

TTe purpose of this book is to help facilitators infuse mathematical mod-
eling activities known as Model-Eliciting Activities (MEAs), with a focus on 
probability, with students. As has been noted by Chamberlin (2002, 2015), 
MEAs have great potential for use with students of varying abilities in the 
same setting. MEAs repeatedly have shown great promise with single groups of 
students of varying abilities, such as gifted and talented students in inclusion 
settings with general population students. Furthermore, MEAs have worked 
very well in gifted education settings as an assessment tool to identify stu-
dents who may have been missed with formal identifcation procedures. Tis 
may be particularly true with students who do not regularly perform well on 
standardized assessments, yet possess great abilities to think mathematically. In 
this section, the top eight tips for implementing MEAs are provided and some 
notes are given on how to become self-sufcient in creating one’s own MEAs. 

Eight Tips for Implementing MEAs 
It is a challenging task to provide activities and implementation tips to 

veteran and neophyte educators and hope that all goes well. In this section, 
one last attempt at preparing facilitators (a broad term used because it is not 
assumed that all users of this book will be in a formal classroom setting) is 
provided. As Lesh and colleagues (2000) have stated, to engage young learners 
in MEAs is to engage them in “pre-college level thinking in mathematics and 
science” (p. 592). Finally, the use of MEAs will help educators meet the fourth 
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mathematical practice in the Common Core State Standards for Mathematics 
(NGA & CCSSO, 2010), a task for which virtually no educators have been 
prepared. 

Tip 1: Prior to implementing, do the activity to generate multiple 
solutions. Readers may be tired of hearing that doing the activity prior to 
implementing it is imperative, but it is imperative. Tis is the case for several 
reasons, perhaps the most signifcant of which is to generate multiple solutions. 
Facilitators who are not intimately acquainted with everything being asked and 
with a comprehensive list of solutions put themselves in a compromising posi-
tion. Problem solvers can quickly identify that facilitators have not invested 
considerable time in solving the problem. Facilitators must be reminded that 
the demands of implementing an MEA are twofold, as opposed to delivering 
a lecture, which is only a single demand. In delivering a lecture, one need 
only know the talking points and solutions to problems discussed. After all, 
how many lecturers feld questions and slow the pace of the lecture to accom-
modate listeners? As opposed to a lecture, when implementing an MEA, one 
needs to be fully acquainted with the content focus, as well as related content 
foci that may be used to solve the problem. One also needs to be acquainted 
with alternative solutions. For instance, when doing a problem in probability, 
problem solvers may create a perfectly sound mathematical solution that uses 
another mathematics subdiscipline, such as algebra, as the content focus to 
solve the problem. Tis approach deviates from what might be anticipated, but 
if a facilitator has solved the problem in as many ways as possible, such a novel 
approach may not be so novel to the implementer. 

Generating as many solutions as possible helps facilitators avoid surprises. 
Having created and feld-tested MEAs for several years, the author rarely sees 
a new solution, but it has been known to happen. Ancillary objectives are met 
in identifying as many solutions as possible and they are discussed in subse-
quent tips. For example, having insight about assessment tactics, generating 
questions to facilitate additional student thinking, and realizing novel answers 
shows that one is prepared to implement the problem. 

Tip 2: Have some assessment ideas prior to implementation. Naturally, 
having some assessment ideas prior to implementation is necessary, but the 
number of individuals who start an MEA with little consideration for what 
prospective responses might be generated is sometimes astounding. Starting an 
MEA with little insight as to what prospective solutions might be generated 
may be like tearing apart one’s car to repair it without a plan to reassemble it 
. . . not a great idea. With only one answer in mind for assessment purposes, 
the lesson is almost destined to fail. When problem solvers are truly left to their 
own means to solve a problem and they realize that given a highly open-ended 
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problem multiple successful approaches exist, they will pursue alternative solu-
tions. Tis outcome should be anticipated. 

For example, think about the age-old handshake problem (not ofcially 
an MEA), in which an individual attends a get-together and meets nine new 
people. In the process of attending the party, the attendee considers how many 
handshakes have transpired between the 10 total people if everyone introduced 
themselves to new people. Interestingly, there are at least fve approaches to 
solving this problem, and the solutions come from at least three of the fve con-
tent standards in the Principles and Standards for School Mathematics (NCTM, 
2000). A facilitator who implemented this problem in class without the reali-
zation that at least fve solutions exist would most assuredly be in a comprised 
position with respect to assessment. Problem solvers would quickly realize that 
the facilitator had downloaded the problem from the Internet or found it in 
a textbook with little consideration for prospective solutions. Moreover, not 
understanding the intricacies of a problem, such as how it can be solved, what 
questions may exist about it, and any consideration for assessment, is a recipe 
for disaster with the lesson. 

Tip 3: Make changes to problems as necessary. One of the challenges 
associated with the creation of this book was creating activities that are skele-
ton problems so that the problems can be altered to meet the needs of myriad 
classes. Tat said, making structural changes to MEAs can alter the problem 
so that it is not an MEA. After all, diferentiation is not merely a buzzword in 
the discipline of education. It is a necessity if the needs of all students are to 
be met. To that end, exemplary and veteran teachers may well fnd themselves 
tweaking or changing components of activities to meet their needs. 

For example, a popular entry-level MEA is called the Summer Reading 
Problem. In this MEA, problem solvers are expected to create equitable rules 
for a summer reading program that enables readers from various grades to 
participate in contest and have a similar chance of winning. Factors that must 
be weighed in creating a comprehensive mathematical solution are the follow-
ing: number of books read, written reports of books, number of pages read, 
reading level difculty, and genre of books. To alter this MEA for simplicity, 
a teacher could easily make three or four factors that need to be considered 
instead of fve. In so doing, the MEA could conceivably be used with younger 
students, for instance grade 3 students, instead of having a foor of use with 
grade 4 students. Not surprisingly, MEAs can be altered for use with more 
advanced students than projected by creating additional changes to the prob-
lems for increased complexity. Incidentally, simply adding additional data, for 
extra busy work, is not always a desirable tweak to an MEA because problem 
solvers may quickly realize that tactic was used. In so doing, problem solvers 
often realize that this approach is the same as adding problems to a worksheet 
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so that the advanced students do 50 exercises instead of 30, as everyone else 
did. Tis is not often well received by capable problem solvers. In addition, no 
single curriculum developer can purport to know the needs of every classroom 
in which problem-solving tasks are used. Teachers in one state, district, or town 
are far more acquainted with their curricular needs and student demographics 
than any curriculum developer can be. Tus, it is natural for top-notch teach-
ers to alter problem-solving tasks to meet their needs. 

Tip 4: Invest serious time in teacher questions. It is imperative that 
teachers invest considerable time in questions prior to implementing MEAs. 
Te objective in preparing questions prior to implementation is twofold. First, 
teachers must invest serious time in developing questions so that they are able 
to investigate precisely what is intended and they can simultaneously help direct 
student thinking. Second, teachers should invest serious time so that they do 
not give away too much information during the problem-solving process. In so 
doing, teachers often inadvertently tailor students’ solutions precisely to theirs. 
Certainly students’ logistical questions can be answered. For instance, when a 
group has a question about the specifcs of the problem statement, those types 
of questions should be answered directly. However, more than one teacher has 
given away too much information in an attempt to help problem solvers arrive 
at a successful solution. 

More specifcally, teachers need to serve in the role of a metacognitive 
coach (Stepien, Gallagher, & Workman, 1993), when interacting with stu-
dents. Te role of metacognitive coach is to serve as a facilitator in helping 
students analyze their thinking. As students analyze their thinking, the hope is 
that they identify areas of strength and weakness, see how their current think-
ing is, enabling them to arrive at a successful solution, and create a plan for 
fnalizing the solution. In some cases, a solution has been identifed and the 
teacher as the metacognitive coach can encourage students to be critical in 
analyzing the efciency of their response. Tis is an example of a situation in 
which multiple iterations may be required to arrive at the most sophisticated 
solution the group can identify. Note, and teacher questions are crucial in this 
step, that in some cases frst iterations of mathematical models (solutions) can 
be altered and used for a highly refned answer. In other cases, the frst model 
was of little use and problem solvers may need to abandon it altogether in 
search of a new one. 

Tip 5: Anticipate students’ thinking. To be in tune with solutions that 
students are generating, most teachers have found it important and efective 
to meander from group to group and eavesdrop on group discussions. In so 
doing, teachers gain valuable assessment insight with respect to how groups 
are solving problems. Simply listening to conversations enables teachers the 
opportunity to be prepared for debriefng (the process after solving the prob-
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lem when groups discuss their solutions) and it also gives considerable help 
in developing group questions to (re)direct thinking. Note that some teachers 
have found it helpful, the frst few times implementing MEAs, to announce 
the teacher’s role. For example, “During the MEA, I will be walking around 
the room, listening to your conversations, and responding to any questions 
that you have. If you see me behind you, please continue solving the problem 
as if I am not there.” 

Anticipating students’ thinking not only helps with the formulation of 
questions, but it can enable the teacher to have students verify their thinking 
with discussions. Consequently, it is typical to have teachers ask groups to 
use statements such as, “So, what you have done so far?” or “What prompted 
you to solve the problem in this manner?” When problem solvers share their 
solutions with teachers, solutions generally match or are understood by teach-
ers, assuming the teacher has listened well and the problem solvers have com-
municated efectively. When the anticipated solution does not match with 
what the teacher assumes is the solution, the teacher should either verify the 
solution or help students communicate their solution. It is certainly possible 
that groups have very plausible solutions, but do not communicate their work 
well with peers in other groups. Paramount to sharing an efcient model is 
communication. 

Tip 6: Seek novel mathematical models. It has been speculated that one 
of the unintended benefts of MEAs is that they have the prospect of iden-
tifying students who have not been identifed as gifted or the more specifc 
category of giftedness, creatively gifted. On more than one occasion, a highly 
creative solution has been designed by a typical student, much to the surprise of 
the teacher. Te most likely scenario under which this could happen is one in 
which standardized assessment procedures did not work to identify a creatively 
gifted pupil, but the MEA did. Teachers should be forewarned that MEAs 
were not intentionally created for GT identifcation purposes, but they do 
hold some promise (Chamberlin & Moon, 2005). Hence, MEAs may serve to 
identify some creatively gifted pupils, but not necessarily all of them in every 
instance. Moreover, in the event a highly novel response is precipitated by solv-
ing an MEA, a teacher should be careful to make this diagnosis. 

Some highly creative models have been identifed as students solve MEAs, 
as found by Coxbill, Chamberlin, and Weatherford (2013). Naturally, being 
acquainted with the sample set, or the most commonly occurring MEA solu-
tions for the respective problem, is a huge advantage in identifying novel 
responses. It is for this reason that doing MEAs multiple times enables teach-
ers the opportunity to become acquainted with the most common responses. 
Teachers should also be admonished that creativity can be manifested in man-
ners other than novelty. For instance, fuency, fexibility, and elaboration have 
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also been mentioned as indicators of creativity (Imai, 2000). More recently, 
Chamberlin and Mann (2014) and Chamberlin (2015) have discussed requi-
site mental states for highly creative products to emerge. 

Tip 7: Do not expect all of the same students to perform in the man-
ner they usually do. Tis tip is twofold. First, teachers could anticipate a few 
students who have been assessed as very typical to perform better than others. 
It has also been found, anecdotally, that some advanced (Chamberlin, 2012) 
students do not fare well with MEAs. Tis may be because the students have 
learned how to “play the school game” in regurgitating solutions that the 
teacher has shared prior to solving problems. Solutions should not be shared 
prior to doing the problem and care should be given in discussions so as not 
to infuence solutions. MEAs hold great promise (Lesh et al., 2000) and were 
initially created to investigate student reasoning in mathematics. Te most 
capable students, academically speaking, may not always fare the best and the 
average or even least capable students sometimes emerge as more capable than 
expected. 

Teachers should therefore invest some attention in student afect. In the 
world of mathematical psychology, McLeod and Adams (1989) defned afect 
as feelings, emotions, and dispositions about mathematics and in their context 
about mathematical problem solving. Terefore, in situations in which typical 
students identify highly sophisticated mathematical responses, it would not be 
surprising if their afect was quite positive and high relative to mathematics. 
Note that such students may be intellectually gifted students (Chamberlin, 
2013) or of extremely high intellect and not choose to play the school game 
of getting high marks. Tey may embrace situations in which they get to solve 
problems of some worth to them. To the contrary, some students who are aca-
demically gifted, or choose to “play the school game” in getting high marks, 
but may or may not have conceptual understanding of mathematics, may have 
low or negative afect about MEAs. Not surprisingly then, intellectually gifted 
students may be interested in doing MEAs in the future, whereas academically 
gifted students may not be as excited about future invitations to do MEAs. 

Tip 8: Conditioning is key. If students have come from a setting in which 
they are expected to listen to the teacher lecture (direct instruction), practice the 
problem (guided practice), and then regurgitate the solution (so-called inde-
pendent practice, although this term could be debated), then autonomously 
identifying solutions to highly open-ended problems may be no easy feat. If 
students have not been conditioned to come up with solutions to problems 
with little guidance, they may not easily solve their frst MEAs. Facilitators 
are advised to do more than one MEA before declaring them a disaster. Many 
teachers do an MEA the frst time and recognize that it is a process that involves 
some conditioning. Te more often students complete MEAs, the better they 
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will get at the process and will be more familiar they with the expectations. 
Teachers may implement their frst MEA with some trepidation, but the con-
ditioning process is equally applicable to them. Veteran teachers may report a 
high degree of familiarity with MEAs after the second or third one. Teachers 
should anticipate varying learning curves with MEA implementation. 

Nevertheless, it is normal for students who rely on teacher solutions to 
continue doing so with MEAs, however, they are not to be implemented in 
the classroom only to be solved by the teacher. When teachers solve MEAs, 
one is arresting learning episodes and opportunities. Finally, MEAs are not 
a panacea for a lack of mathematical understanding, although they can help 
facilitate student conceptual understanding. Furthermore, MEAs often require 
as much as 45–60 minutes to solve, not 5 minutes as many trite mathematical 
problems do. 

Developing MEAs 
For Personal Use 

Te question often arises, “Can I create my own MEAs for use in my class-
room?” Most assuredly, creation of one’s own materials can always be done— 
but creating refned MEAs is not as seamless as it may appear. Tis is the 
case for several reasons, not the least of which is that MEAs are designed with 
multiple features in mind and should be feld-tested prior to use with students. 
In the following section, the six principles for developing MEAs are outlined. 

In 2000, Lesh and colleagues wrote a chapter entitled, Principles for 
Developing Tought-Revealing Activities for Students and Teachers. Te chapter 
was written for Tought-Revealing Activities, or Case-Studies for Kids, which 
were the predecessor to Model-Eliciting Activities (MEAs). Several commonal-
ities existed in all activities, namely that they were intended to be used to collect 
data on how students were thinking. Tey were created to collect assessment 
data to be used for research and/or to inform curricular decisions. Another 
commonality in the three diferent monikers, for the same type of activity, 
is that they all adhered to design features referred to as the six principles for 
designing Tought-Revealing Activities. Te following dialogue is in no way 
intended to provide a crash course on how to write such activities, inasmuch 
as it is an abridged version of how such activities are created. To reiterate, 
no amount of reading can replace actual experience in writing such activities. 
Listed below are the six principles for designing MEAs, with some concise 
dialogue. 
� Te model construction principle: Tis stipulates that each MEA 

must precipitate the construction of a mathematical model in order 
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to solve it. Ostensibly, this may not seem like a difcult task to build 
into an MEA, but in actuality, doing so is less than easy. Tis is the 
case for several reasons, the most notable of which is that to demand 
that problem solvers create a mathematical model to solve a problem 
entails a cognizance of what a mathematical model is and then requires 
placing problem solvers in a situation in which they need to create a 
mathematical model as the only means to a successful solution. Tere 
are seemingly endless intriguing mathematical tasks that will genu-
inely engage mathematical problem solvers. Of this subset of math-
ematical problems, many tasks will promote conceptual understand-
ing of mathematics, given optimal conditions. As an example, many 
problem-based learning tasks are worthwhile and promote conceptual 
thinking of mathematics, but they may not require the creation of a 
mathematical model to solve them. When an MEA is written, it is 
imperative that the solution to the problem cannot be successfully cre-
ated without the use of a mathematical model. 

� Te reality principle: Tis term is deemed a bit of a misnomer by 
Lesh and colleagues, as it could more appropriately be termed the 
meaningfulness principle. More specifcally, when doing an MEA (and 
when writers create MEAs), problem solvers must make meaning, or 
as Hiebert and colleagues (1997) describe, they must make sense of 
the mathematics of the situation. As problem solvers complete MEAs, 
it is not merely hoped, but expected that they will take mathematical 
information, such as data in this book, and make sense of concepts 
embedded in the MEA. Making sense of concepts in mathematics, sta-
tistics, and/or probability is therefore not optional or unintended—it 
is purposeful. To write successful MEAs, it is therefore necessary that 
problem solvers create a mathematical model for a successful solution 
and also that they make sense of some mathematical information in the 
form of conceptual learning. 

� Te self-assessment principle: Self-assessment is a construct in the 
feld of education much like diferentiation. It is somewhat easy to 
defne, yet not particularly easy to precipitate or enact. When writing 
MEAs, authors must keep in mind that an element of self-assessment 
is necessary in the activity. Tat is to say, problem solvers should be 
able to look at their initial and eventual solutions and decide on their 
efectiveness. Often, a series of questions or a checklist may help focus 
self-assessment. Problem solvers may fnd themselves with consider-
ations such as, “Will my model work with a similar, yet varied set of 
data?”, “Can others easily interpret my mathematical model?”, or “Is 
there a more sophisticated manner in which to communicate or arrange 
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this mathematical model than I have?” Such questions are answered, to 
a degree, in the forthcoming principles, but they must be considered in 
the design process of each MEA. 

� Te construct documentation principle: Construct documentation is 
a requisite principle in developing MEAs and it is regarded as import-
ant for students (problem solvers) and teachers alike. Te main objec-
tive of MEAs is to provide information so that students can assess their 
level of understanding on concepts in mathematics. Simultaneously, 
student information provided, or documented about their thinking, 
provides invaluable assessment information for teachers. Tus, teachers 
can learn how students think and make curricular decisions. An ancil-
lary stakeholder, a researcher, is often interested in how students think. 
Tis was the initial reason that MEAs were created, according to Lesh 
and colleagues (2000). Practically speaking, documenting solutions has 
become more valuable to students and teachers when such activities 
are used to supplement curricula. In documenting solutions, problem 
solvers have the potential to assess how they are thinking because they 
externalize their thinking. Perhaps more often than not, individuals 
that suspect they know a concept and have not externalized it are con-
vinced that they can confdently respond in a positive manner to make 
sense of a concept. However, when actually forced to externalize solu-
tions by documenting them, problems solvers may fnd out that they 
do not have correct assumptions about mathematical concepts. In a 
similar manner, teachers can often fnd valuable information about stu-
dents’ true understanding of mathematical concepts by asking them to 
share their thoughts on such concepts. Tis is the case because a ‘start-
ing point’ has been established for teachers to analyze what students 
know and do not know. In short, with actual documented solutions, 
teachers have a point from which they can pursue worthwhile clarif-
cation questions in an attempt to make curricular decisions based on 
data. 

� Te construct shareability and reusability principle: Tis principle 
suggests that the model created by the problem solver(s) is one that can 
be interpreted by multiple constituents. When explaining concepts to 
peers, the one explaining the solution may fully understand the intrica-
cies of the solution. For example, when one from a geographical locale 
explains how to arrive at a destination, it may be common for that 
individual not to comprehensively explain every step. To one with a 
novice understanding of an area, the explanation may be replete with 
inaccurate information. However, until the explanation is actually 
implemented, the shortcomings of the explanation may not surface. 
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In a similar manner, problem solvers need to be explicit and detailed 
in the explanation of their mathematical model so that peers can accu-
rately interpret it. In doing so, problem solvers are efectively sharing 
their model so that it can be reused in subsequent, similar situations. 
Hence, the construct shareability and reusability principle dictates that 
when developing MEAs, problem solvers must be forced to document 
their principle in such a manner that makes sharing it and reusing it 
easy for future readers of the model. 

� Te efective prototype principle: Te efective prototype principle is 
not merely one designed at investigating how well or poorly the math-
ematical model responds to the question. In addition to that, the efec-
tive prototype principle helps teachers and problem solvers investigate 
whether the mathematical model produced can be utilized to interpret 
future, similar mathematical situations. In other words, in assessing 
whether the prototype or model produced is efective, one should con-
sider whether the model provides insight to solving related problems in 
the future due to the generalizability of the mathematical model. For a 
high degree of interpretation, simplicity is often a requisite character-
istic so that other, perhaps less informed peers, might be able to utilize 
the model created. 

As a concluding remark, prospective authors of MEAs should be reminded 
that all six principles must be in each MEA for it to be considered a success-
ful MEA. Tis is the reason that educational stakeholders are encouraged to 
attempt writing MEAs, but doing so successfully on the frst iteration may 
not yield particularly fruitful products. Persistence and mentorship may prove 
necessary in learning how to do so. For a more lengthy discussion on the six 
principles than was provided in this book, the actual chapter may be found at: 
http://www.cehd.umn.edu/ci/rationalnumberproject/00_2.html. 
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Common Core State 
Standards Alignment 

Grade Level Common Core State Standards in Mathematics 

Grade 6 

6.RP.A  Understand ratio concepts and use ratio reasoning to solve 
problems. 
6.SP.A Develop understanding of statistical variability. 
6.SP.B Summarize and describe distributions. 
7.RP.A Analyze proportional relationships and use them to solve real-world 
and mathematical problems. 

Grade 7 
7.SP.A Use random sampling to draw inferences about a population. 
7.SP.B Draw informal comparative inferences about two populations. 
7.SP.C Investigate chance processes and develop, use, and evaluate proba-
bility models. 

Grade 8 8.SP.A Investigate patterns of association in bivariate data. 
HSS-ID.A Summarize, represent, and interpret data on a single count or 
measurement variable. 
HSS-ID.B Summarize, represent, and interpret data on two categorical and 
quantitative variables. 
HSS-ID.C Interpret linear models. 
HSS-IC.A Understand and evaluate random processes underlying statistical 
experiments. 

High School HSS-IC.B Make inferences and justify conclusions from sample surveys, 
experiments, and observational studies. 
HSS-CP.A Understand independence and conditional probability and use 
them to interpret data. 
HSS-CP.B Use the rules of probability to compute probabilities of com-
pound events. 
HSS-MD.A Calculate expected values and use them to solve problems. 
HSS-MD.B Use probability to evaluate outcomes of decisions. 
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